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Chapter 1

Number Fields

These notes have been heavily influenced by notes from several sources including:
Richard Hill, David Loeffler, Keith Conrad, [Marl8],[Sam70] and others.

11 Recap on rings and fields

We begin by recalling some basic facts in commutative algebra. Specifically, some
ring theory and field theory.

Remark. Throughout, we will not differentiate between C and C. If such a
distinction needs to be made we will state it or use .

Definition 1.11. A ring R is a set with two binary operations called addition '+’
and multiplication '-/, such that:

1. R is an abelian group with respect to 4. Note this means R contains a
zero element denoted 0 and every € R has an additive inverse —r € R.

2. Multiplication is associative and distributive, i.e,
(zy)z = x(yz2) z(y+z) =xy+xz (y+2)xr =yx+ 2z

A ring is called commutative if xy = yx and contains an identity element,
denoted 1. Having a 1 is sometimes called being unital. Lastly, the subset of
elements of R which have a multiplicative inverse are denoted R*.

Notation 1.1.2. Throughout this whole course, our rings will be assumed to be
unital (i.e. have a 1) and unless otherwise stated, will be commutative.

Definition 1.1.3. We say a ring R is an integral domain, if whenever zy = 0 then
either t =0 ory =0, for z,y € R.



Definition 1.1.4. Let R, S be rings, then a ring homomorphism ¢ : R — Sis a
map such that

¢ +y)=o(x) +o(y)  ¢(zy) = o(x)o(y)  o(1) =1,6(0) =0
A ring homomorphism is called an isomorphism if it is bijective.

Example 1.1.5. The map ¢ : Z — Z/pZ defined by = + x mod p is a ring
homomorphism.

Definition 1.1.6. Let ¢ : R — S be a ring homomorphism. The kernel of ¢ is
the set of all elements € R such that ¢(r) = 0, this is denoted ker(¢). The
image of ¢ is the set {¢(r) : r € R}, this is denoted Im(¢)

Example 1.1.7. 1. The set of integers Z is a commutative ring.

2. The set Z[x] of polynomials with integer coefficients is a ring. In general,
if R is a ring, then R[z] is also a ring.

Definition 1.1.8. A field F' is a commutative ring in which every non-zero element
has an inverse. Equivalently, the set F'* := F'\{0}.*

Example 1.1.9. 1. The rational numbers, Q, are a field. As well as the Reals
R and the complex numbers C.

2. If p is a prime number, then F, := Z/pZ (the field of integers modulo p) is
a field.

Non-example 1.1.10. The following are not fields: The integers Z, the polynomial
ring Z[x].

Definition 1.1.11. Let R be a ring, then an ideal a is a subset of R which is an
additive subgroup of I? and such that for any r € R,a € a we have ra € a.

Example 1.1.12. Let R be a ring and r € R, then we let
(r) ={rx:z € R}.

This is an ideal in I? and we call it the principal ideal generated by 7. Similarly, if
we take 7, ..., 7, then we can from the ideal (r1,...,7,) :={D>_, riz; : x; € R}.
Note that (0) =0 and (1) = R.

Definition 1.1.13. If for every ideal a in an integral domain R we can find a € R
such that a = (a) then we call R an Principal ideal domain, or PID for short.

Definition 1.1.14. Let 1? be an integral domain. We say an element r € R is
irreducible if whenever » = ab we must have exactly one of a, b being a unit.

“The symbol “ := " means, "defined as".



Definition 1.1.15. An integral domain in which every element can be written
uniquely as a product of irreducible elements is called a unique factorization
domain, or UFD for short.

Definition 1.1.16. Let R be a ring and let a be an ideal, then the quotient ring
R/a is the ring whose elements are of the form r + a for r € R, with addition
and multiplication given by

(m+a)+(ro+a)=r+ro+a (r+a)(ro+a)=rr+a
Exercise 1.1.17. Check that this ring structure is well-defined.
Proposition 1.1.18. 1. The kernel of a ring homomorphism is an ideal.

2. The image of a ring homomorphism is a subring.

3. If ¢ is a ring homomorphism, then there is a ring isomorphism

R/ker(¢) = Im(¢).

Exercise 1.1.19. Prove Proposition 1.1.18.
Definition 1.1.20. Let R be a ring and p, m an ideals with neither equal to (1).
1. The p is called prime if whenever 2y € p we have x € p or y € p.

2. The ideal m is called maximal if there does not exist an ideal a # (1) such
that m is properly contained in a.

Example 1.1.21. Let p be a prime number, then (p) C Z is both a prime ideal as
well as maximal.

Proposition 1.1.22. 1. Every maximal ideal is prime.

2. Let R be a ring. Then p is a prime ideal if and only if R/p is an integral
domain. Similarly m is a maximal ideal if and only if R/m is a field.

3. The only prime ideal in a field is (0).°
4. If ¢ is a non-zero ring homomorphism, then ker(¢p) is a proper ideal.

5. Every proper ideal (meaning one which isnt the whole ring) is contained in a
maximal ideal.

Definition 1.1.23. Let a, b be ideals in a ring . Then we let
1. ab be the ideal generated by the product of elements of a and b.
2. Similarly, a + b denotes the ideal generated by sums of elements in a, b.
3. Ifa+b=R=(1) we say a, b are coprime.

4. If a, b are ideals we write a | b if there exists an ideal ¢ such that b = ac.

"When working with prime ideals later in the course, we will usually ignore the zero ideal.



1.2 Irreducible polynomials
How do we define more exotic fields? Well a good way is to take quotients of
polynomial rings.

Definition 1.2.1. Let R be an integral domain. A non-zero polynomial p(z) of
degree at least 1 in R[] is said to be irreducible if whenever p(x) = f(z)g(z)
with f(z),g(x) € R[z| then one of f(z) or g(z) is in R. Note this is slightly
different to Definition 1.1.14.

Example 1.2.2. The polynomial 2? + 1 is irreducible in Z[z].

Non-example 1.2.3. The polynomial 22 — 1 is not irreducible in Z[z] since it is
(x —1)(x + 1) and neither is a unit.

Exercise 1.2.4. Let F be a field. Check that the only units in F'[z] are given by
polynomials of degree 0, i.e., they are elements of F'

Exercise 1.2.5. True or False: If p(z) is reducible in F'[x] then there exists & € F’
such that f(«) = 0 (i.e it has a root in F)).

Now, here is a proposition whose content you should’ve seen in a previous
course covering ring theory or commutative algebra

Proposition 1.2.6. Let F' be a field.
1. Flx] is a Euclidean domain and thus a Principal Ideal Domain (PID).

2. In a PID, the ideal generated by a irreducible element is prime.
3. Every non-zero prime ideal in a PID is maximal.

4. Every PID is a UFD.

Remark 1.2.7. Let me just remind you why F'[z] is a Euclidean domain. This
is because if you have two polynomials f(z), g(z) then we can do polynomial
long division to write, f(z) = ¢q(z)g(z) + r(z) where deg(g) < deg(f) and
deg(r) < deg(g) (this last bit having a strict inequality is what is important).

Ok great, so if we want to create fields then we just need to find some
irreducible polynomials and then just need to quotient out by it. In other words:

Proposition 1.2.8. Let F be a field, and p(x) an irreducible polynomial in F'[z].
Then

Flz]/(p(x))
is a field.

Remark 1.2.9. (In case you've forgotten.) What does this field look like? well
its elements can be thought of as f(z) + a(x)p(x) where f(z),a(z) € Flx].
Here p(x) is the zero of this field, so f(x) and f + a(x)p(z) represent the same
element in this field for any a(x).



Ok, so how do we check if a polynomial is irreducible? Let look at the case
we will most care about, which is Q[z]. Now, we have the following Lemmas
which you may have seen in the Galois theory course or algebra course, so we
wont prove them:

Lemma 1.2.10 (Gauss’s Lemma). 4 polynomial is irreducible in Z[z] if and only if
it is irreducible in Q[z].

Here is a slightly different version for monic polynomials

Lemma 1.2.11 (Monic Gauss Lemma). Let f € Z[x| be monic and assume that
f = gh with g, h € Q[z] which are also monic. Then g, h € Z|x].

Remark 1.2.12. Convince yourself that both these lemmas deserve to be named
similarly.

This reduces us to checking if a polynomial is irreducible over Z[z].

Proposition 1.2.13. If f(x) is a polynomial in Z[x), let f(x) denote its image in
Fy[z]. A polynomial f(z) in Z[x] is irreducible, if we can find some prime number p
such that f(x) and f(x) have the same degree and f(x) is irreducible in IF,[x].

Proof. This is the same as proving that, if f(z) is reducible in Z[z] then it is also
reducible in F,[z], which is obvious. O

Lastly, we have:

Proposition 1.2.14 (Shénemann’s Irreducibility Criterion). Let f(x) € Z[x] be a
monic polynomial of degree n > 0. Assume that there is a prime p and an integer a
such that

f(x) = (z = a)" + pg()
for g(z) € Zx]. If g(a) #Z 0 mod p then f(x) is irreducible modulo p* and in Z[z).

Proof Assume for contradiction that
f(x) = r(z)s(x) mod p°,

where WLOG r(x), s(x) are monic. Now, if we instead look at this modulo p, we
have (x — a)” = r(x)s(x) mod p and therefore, since we are in F,[z] which is
a UFD, we must have 7(z) = (z — a)’ mod p and s(z) = (z — a)’ mod p with
i+ j=mnand,j > 0. If we now evaluate at x = a we see that

r(a) = s(a) =0 mod p
as ¢,j > 0. But if we now go back to

f(x) = r(z)s(x) mod p?



we see that setting © = a gives
pg(a) = r(a)s(a) = 0 mod p?,

which contradicts g(a) #Z 0 mod p.
Now, since we are irreducible modulo p* we are also irreducible in Z[z], since
the same argument as in Proposition 1.2.13 applies. O

Corollary 1.2.15 (Eisenstein Criterion). Let
f(@) =a. 2"+ ap12" '+ a1z +ag

be a polynomial in Z[x| (withn > 1) and let p be a prime number. Suppose a,, is not
divisible by p, a,,_1, . .., aq are all divisible by p and ay is not divisible by p*. Then
f(x) is irreducible.

Proof- Since a,, # 0 mod p, it is invertible. Now let b be any integer such
that b = a, ! mod p, then bf(x) = 2" + pg(z) for some g(z) € Z[x]. Moreover,
g(0) # 0 mod p since ay is not divisible by p?. Therefore, we satisfy Shonemann’s
Irreducibility Criterion and therefore bf(x) is irreducible and thus so is f(x). O

Example 1.2.16. 1. The polynomial 3z* + 10z + 5 is irreducible in Z[z] by
Eisensteins criterion with p = 5.

2. Let p be a prime and let

P —1
Ppz) = ——F =" oL

Then this is irreducible. Lets prove this:

Note that we cant apply Eisenstein’s criterion right away, but the trick is to
consider

Dy(w+1) =2 b pr? 4t @“p.

Now, by properties of binomial coefficients, we see that all coefficients other
than the leading one are divisible by p and the last coefficient isn’t divisible
by p?, so Eisensteins criterion applies.

Exercise 1.2.17. Prove that f(z) € Z[z] is irreducible if and only if f(z + a) is
irreducible for any a € Z.

Example 1.2.18. Now we have more examples of fields:
1. Note that 2 — 2 is irreducible in Z[z], so
Qlz]
(22 —2)

is a field.



2. R[z]/(z* 4+ 1) is also a field as #? + 1 is irreducible over R. This field is
isomorphic to C, but you need to be careful, its not *equal* to C, only
isomorphic to. We will talk about this more below.

3. Let p(z) = 2 + x + 1 in Fy[z]. Then p(z) is irreducible in Fy[z] and thus
Falz]/(z® + 2 + 1)
is also a field.

Exercise 1.2.19. Check that p(x) = 2* + z + 1 is irreducible in Fy[z].

Lastly, here is a fact about finite fields we will use several times later but we
wont prove.

Proposition 1.2.20. For each integer n and each prime number p, there is a unique
Sinite field of size p™. We denote it by IF,,n. Conversely, every finite field has size p" for
some primep and n € Z~y.

1.3 Field extensions

Definition 1.3.1 (Field extensions). Let K be a field containing a field F'. Then
we call K a field extension of F' (and [’ a subfield of K). This is denoted by
K /F. The degree of a field extension K/F, denoted [K : F] is the dimension
of K as a vector space over F. A field extension is said to be finite if [K : F] is
finite, otherwise we say its infinite.

Proposition 1.3.2. Let F' be a field and p(x) be an irreducible polynomial in F'[z]
of degreen. Then K := F[x]/(p(x)) is a field extension of F' and [K : F| = n.

Proof: 1 claim that the image of 1,z,2%,...,2" ! in K form a basis for K/F. To
prove this, first note that, if f(x) € F[z] has degree less than n then its written in
terms of this basis, so when we look at the image in K the same is true. So now
assume that deg(f(x)) > n them we can do polynomial long division to write

f(x) = q(x)p(x) + r(2)

with deg(r(z)) < n. So f(x) = r(x) mod (p(x)). So again we see that in K,
f(z) can be written in terms of this basis, so this basis spans K.
So we just need to prove that this basis is linearly independent. Let Z* denote
Fn—1

the image of z* in K. Then assume for contradiction, that 1,Z,...,Z" "' is not
linearly independent. Then we can find a; € F' (not all zero) such that

ap+a 1T+ 4a, 12" =0

this means
ap+ a1z +--+ ,+a, 12" " =0 mod (p(z))



which means that p(z) divides ag + a;z + -+ , +a,_12""* but this is impossible
as p(x) has degree n and deg(ag + a1z + -+, +a,_12"" ") < n. O

Definition 1.3.3. Let K/F be a field extension and let ay,...,a, € K. Let
F(ay,...,a,) denote the smallest subfield of K containing F' and ay, ..., a,.
We call it the field generated by ay, ..., a,.

A field generated by a single element is called a simple extension. In other
words, F'(«) is a simple extension of F. We call & € K the primitive element for
the extension.

Now, here is an important result:

Theorem 13.4. Let F' be a field and p(x) an irreducible polynomial in F[x].
Moreover, let K/ F' be a field extension containing a root v of p(x). Then there is an
isomorphism

given by sending f(x) to f(a).

Proof Let me denote by ¢’ the map F[z] — F(«) sending f(x) to f(«). First
note that p(x) is in the kernel of ¢, since p(«) = 0 as « is taken to be a root of
p(z). Therefore, ¢ also induces a new map F[z]/(p(x)) — F(a)) which we call
¢ (we say that ¢’ "factors through" F'[z]/(p(x))). Now we want to show ¢ is an
isomorphism. First note that ¢(z + (p(x))) = o and if a € F' then ¢(a) = q, so
the image of ¢ has F' and « in its image. Moreover, ¢ is a field homomorphism,
so the image is again a field. This means that F'(«) is in the image of ¢ (since by
Definition 1.3.3, F'(«) is defined to be the smallest such field). So we just need to
check this map is injective.

Injectivity is easy, since if you recall, the kernel of any non-zero ring homo-
morphism to an integral domain is a prime ideal, and the only prime ideal in a
field is the zero ideal. So since F[z]/(p(x)) is a field and our map is not the zero
map, it must have kernel being the other prime ideal, which is (0) and thus is
injective. O

Ok, so why is this so important. Well lets consider the first example in
Example 1.2.18. Here we took Q[z]/(z* — 2), now the above result tells us that
this field is isomorphic to Q(+/2) which you may remember as the field whose
elements look like a + bv/2 with a,b € Q. But note that the theorem above
doesn’t say anything about which root of 22 — 2 one should take. So we equally

have 0l
x
2) 2 ———=Q(—Vv2).
AV = g = Q-V2)
Remark 1.3.5. One slightly more philosophical observation, is that even to define
F(«) in Definition 1.3.3 we needed to assume the existence of a field K containing

“In other words, you evaluate a polynomial at a



a root of my polynomial p(z), so by definition F'(«) depends on K. So just for
the moment let me highlight this dependence on K by writing F'(«) as Fi ().

Lets look at the example above. Here we have to assume that there is some
field which contains v/2. But how do we choose such a K? for example we could
have K being K, := Q(v/2,v/3) or K, := Q(2'/) or C or something else. In
each case we get our own version Q(1/2) which we are for the moment denoting
as Q, (v2), Qk,(v/2) and Qc(v/2). Now, one can ask, are all these versions the
same? well in each case they are isomorphic to Q[z]/(z? — 2) but to construct
the isomorphisms we had to make choices, particularly we had to pick a root. So
all the versions are in fact isomorphic, but they aren’t "equal”, since to be equal
we would require the existence of a canonical isomorphisms between them, i.e.
choice free isomorphisms.

What’s the point of all this? what I want to highlight is how defining Q(+/2)
requires some choices, but defining Q[z]/(2? — 2) is choice free. In practice
what we will do is just find some K in Definition 1.3.3 which works in all cases.
Meaning, we fix a K which contains the roots of all polynomials in F'[z]. When
F = Q, then we will just take K = C.

1.3.6 Algebraic extensions

Definition 1.3.7. Let K/ F be a field extension and let & € K. Then we say « is
algebraic over F if there exists a polynomial f(z) € F|x] such that f(«) = 0.
Otherwise we say « is transcendental.

Example 1.3.8. L V2is algebraic over Q.
2. v/—1 is algebraic over R.

Exercise 1.3.9. Prove that if o € K is algebraic over F), then it is also algebraic
over any field extension of F'.

Proposition 1.3.10. Let o be algebraic over F. Then there is a unique monic
irreducible polynomial m,, p(x) in F|x] which has « as a root. Moreover, m,, (x)
divides any other polynomial in F'[x] with v as a root. This polynomial is called the
minimal polynomial of o over F'.

Proof. Lets take m, p(z) to be a polynomial of minimal degree having « as a
root. Moreover, since we are working over a field, we can multiply by some
element in F' to make sure its monic. This is our candidate for the minimal
polynomial. We need to show its unique and irreducible.

If m,, r(z) were reducible, then we would have

ma,r(7) = f(z)g9(x),

so f(a)g(a) = 0. Therefore, since we are in a field, this means either f(a) =0
or g(a) = 0. But m,,_r(z) has minimal degree, so one of f or g must have degree
0 (i.e. a constant.) thus m,_ p(z) is irreducible.

10



So we just need to check its unique. Note that if f(x) is any polynomial with
o as a root, then by polynomial long division we have

f(@) = q(x)me. r(x) +r(z)

with deg(r(z)) < deg(mq r(x)). But then evaluating this at v we would have
r(a) = 0, but which can’t happen as it has smaller degree than m, (),
so r(x) = 0. Therefore, m, p(z) divides any polynomial with « as a root.
From this it follows that if we had two minimal polynomials m;(x), ms(x) then
my(z)|me(z) and mo(z)|mq(z) so mi(xz) = ams(x) for some a € F, but now
being monic comes to the rescue to say that a = 1, giving uniqueness and
finishing the proof. O

Exercise 1.3.11. Let L/F be a field extension and let v be algebraic over F', then
prove that m,, ,(z) divides m, r(z) in L[z].

Now, from Theorem 1.3.4, Proposition 1.3.2 and Proposition 1.3.10 we have
the following:

Corollary 1.3.12. Let K/F be a field extension and o € K algebraic over F'. Then
Flz]/(ma,p(z)) = F(a)
and moreover [F () : F| = deg(ma, r(7)).

Definition 1.3.13. Let K/F be a field extension. Then we say K is algebraic
over F' if every element of K is algebraic over F'

Example 1.3.14. 1. Q(1/2) is algebraic over Q.
2. C is algebraic over R.

Proposition 1.3.15. Let K/ F be a field extension. Then o € K is algebriac over F
if and only if there is a finite extension of I (inside K ) containing cv.

Proof. If « is algebraic over F, then we know that F'(«) is a field isomorphic to
Flz]/(mq Kk (x)). Moreover, [F(«) : F| = deg(ma, r(z)) by Corollary 1.3.12 and
by definition of F'(«) is is the the smallest such field, so F'(«) is contained in K.

Conversely, if « is in a finite extension L/F of degree n. Then consider
1,a,a? ...,a" These n + 1 elements must be linearly dependent over F, so
there exist b; such that

bo+b10€+"'+bnan:0
which proves that « is algebraic over F' since its a root of by+b12+- - -+b,2". [

Corollary 1.3.16. If K/F is a finite extension, then is it algebraic.

1



Exercise 1.3.17. Is the converse of this statement true? In other words, if K/F is
an algebraic extension, then does it have to be finite?

Definition 1.3.18. We say a field extension K/ F is finitely generated, if there are
finitely many elements «, ..., a, such that K = F(ay,..., ).

Now, here are a couple of facts you might remember from Galois theory

Proposition 1.3.19 (Tower Law). Let K/F be a field extension, c; be elements of K
which are algebraic over F' and let F; = F(av, ..., o).

1 F,=F, 1(a,) and in general F; = F,_1(«;).
2. [F'n : F] = [Fn : Fn—l][Fn—l : Fn—Q] e [Fl : F] (nOte FO = F)
Proposition 1.3.19 and Corollary 1.3.16 gives us:

Theorem 1.3.20. A field extension K/ F is finite if and only if K is generated by a
Sfinite number of algebraic elements over .

Corollary 1.3.21. Let o, B € K be non-zero and algebraic over F'. Then o + 3, a3,
a/B, a~t, B~ etc are also algebraic over F.

Proof. Note that a, 8 € F(a, ). But from Proposition 1.3.19 we have that
[F(a,8) : F] is finite. So by Corollary 1.3.16 F(«,[3) is algebraic over F,

meaning all of its elements are algebraic over F', which gives the result. O

1.4 Algebraic numbers and number fields
Definition 1.4.1. An algebraic number is a complex number which is algebraic
over Q. Meaning, it is a root of a polynomial f(z) € Qlz].

Notation 1.4.2. If « is an algebraic number, then it has a minimal polynomial
which we denoted by m,, g in Proposition 1.3.10. Since from now on we will be
working over Q, we will make the notational convention that m,, := m, g

Definition 1.4.3. If « is an algebraic number and m,(z) is its minimal polyno-
mial, then the set of roots of m, (x) in C are called the conjugates of a.

Example 1.4.4. L 0,47,v2,v/—1, 3/4, V5 are all algebraic numbers

2. If d is a square-free integer, v/d is algebraic and its conjugate root is —v/d.

3. @ = \/2+ /2 is an algebraic number. Lets prove it by finding its minimal
polynomial:

a=1/2+V2 (L1)
o?—2=+2 (1.2)
(a? —2)2 =2 (1.3)
at—40* +2=0 (1.4)



So we see that « satisfies z* — 42 + 2, which means its algebraic.

Is this the minimal polynomial? well lets check. By Eisensteins Criterion
1.2.15 with p = 2 we see that this is irreducible. Moreover its monic, so it
must be the minimal polynomial.

Now, what are the conjugate roots of a? If you work backwards through

the computation above you’ll see that +1/2 + /2 are all the roots of m,,

and thus are the conjugates of a.

Non-example 1.4.5. 7 = 3.1415... is NOT an algebraic number (although this
isn’t easy to prove).

Definition 1.4.6. A Number field is a subfield of C of finite degree over Q.

Example 1.4.7. Let d be a square-free integer then Q(v/d) = {a+bVd|a,b € Q}

is a number field of degree 2 over Q.

Note that by Corollary 1.3.16 we see that every element of a number field is a
algebraic number.

By the Fundamental Theorem of algebra, if we take any polynomial f(x) €
Q[z], then it has a root « in C. Therefore Q(«) is a number field. This gives us
a great supply of number fields. Similarly, using Theorem 1.3.20 we can take any
finite set {a,...,a,} of algebraic numbers and then Q(a, ..., q,) will again
be a number field.

Exercise 1.4.8. Let Q denote the set of all algebraic numbers. Prove that Q is
actually a field. Is it a number field? explain your answer.

Exercise 1.4.9. Let a be an algebraic number with minimal polynomial m,(z) =
>~ a;x". Then using this, write down the minimal of 1/c.

1.5 Embeddings

Definition 1.5.1. Let K be a number field. Then an embedding of K is a
non-zero ring homomorphism o : K — C.

Remark 1.5.2. Note that since o is a ring homomorphism, we must have that
olx)==xforallz € Q C K.

Exercise 1.5.3. Prove that an embedding is injective.

Now, since by definition our number fields are subfields of C, then we have
at least one embedding, which is just the identity embedding (i.e, send x to z),
sometimes called the standard embedding. But there can be others.
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Example 1.5.4. Let K = Q(1/2) then we have two embeddings:

) = C sending a4+ 0V2— a+bV2 (L.5)
) = C sending  a+b0V2— a+b(—V2) (1.6)

UliQ(

V2
02 ¢ @(\/5

Here o, is just the identity embedding. Note that since the embedding has
to keep rational numbers fixed, the a, b above stay the same, what the different
embeddings change is where /2 maps to, but /2 cant just map to anything, we
will see later that in fact it has to map to a conjugate root.

Lets take this as a given and now consider the embeddings of L = Q(v2,V/3).
This is a degree 4 extension of Q and every element can be written as a + bv/2 +
cV/3 + dv/6 with a, b, ¢, d € Q. Now, the embeddings are:

v ia+bV2+ V34 dvV6 — a4+ V2 + V3 +dVe (1.7)
vyt a+bV2+ V34 dvV6 — a—bvV2+ V3 —dVe (1.8)
vs i a+bV2+ V34 dvV6 — a+bvV2 — V3 —dVe (1.9)
viia+bV2+ V34 dvV6— a—bvV2 — V3 +dVe (110)

Notice that since K C L (just take elements with ¢ = d = 0), then it makes
sense to restrict the embeddings of L to K. If you do this, then we see that v, 15
both give the identity embedding o, : K — C, while 15, 14 restrict to os.

Definition 1.5.5. Let K/F' be a finite extension of number fields and let o :
F — Cand v : K — C be embeddings. Then we say v extends o if v restricted
to F' agrees with 0. Symbolically, we say v|r = 0.

Proposition 1.5.6. Let K/F' be an extension of number fields and let o : K — C
be an embedding such that o |p= id where id denotes the identity embedding. Then if
f(z) € F[z] is an irreducible polynomial and « is one of its roots, then o sends o to
a conjugate of .

Proof. Let f(x) = ap+a1x+-- -+ a,x". Then since o fixes F', we see that since
ap+aaa+---+a,a" =0

it follows that
ap + aro(a) + -+ a,0(@)" =0

and therefore, o () also is a root of f, which gives the result. O

Lemma 1.5.7. (Separability Lemma) Let K be a number field and let f(x) € K|z]

be an irreducible polynomial of degree n > 1. Then f(x) has n distinct roots.
Moreover, if o : K — C is any embedding and f°(x) denotes the polynomial

obtained by applying o to each coefficient, then f° also hasn distinct roots.

14



Proof. By the fundamental theorem of algebra, f(z) has n roots in C, so we only
need to show that there are no repeated roots. For this, consider the derivative
f'(x) of f(x). f’is also in K[z] and is non-zero. If f(x) has a repeated root,
then f and f’ would share a common factor, call it h. So let g denote the greatest
common divisor of f and f’. Then deg(g) < n — 1 and divides f, but f is
irreducible, so g must be a constant (i.e. deg(g) = 0), but then as h|g this means
h is also a constant and thus, f, f’ do not share a common factor.

The same proof works using f“ instead. So the result follows. O

Proposition 1.5.8. For every embedding o : F' — C there are [K : F| embeddings
of K that extend F.

Proof. We will prove this by induction on [K : F)|. If K = F there is nothing to
prove. So assume K # F' and let o be an embedding of F'. Now take v € K\ F’
(i.e. in K but not F', which we can do since we are assuming K # F)). Consider
its minimal polynomial over F', denoted m, r. Now let 3 be a root of the
polynomial you get from applying o to m,_ g, which is mg, g = Mg, ro. Here Fe
denotes the image of F' under o, which is a number field isomorphic to . Now,
My, po is again irreducible over F'? since under an isomorphism an irreducible
polynomial will stay irreducible.
Now, from Theorem 1.3.4 we have

F(a) = Fla]/(ma.p) = F7[z]/(m p) = Flx]/(mg o) = F°(f)

therefore there is an isomorphism o : F'(«) = F?(f) which sends « to 5 and
restricts to o on F'. Doing this for each root of m{, . we see that there are
deg(m, r) = [F(a) : F| extensions of o to F(«). Now, use the inductive
hypothesis. O

Definition 1.5.9. We say an embedding is real if its image is R C C. Otherwise
we say the embedding is complex. Note that if ¢ is a complex embedding, then
so is its complex conjugate & (i.e. this is the embedding given by applying o
and then doing complex conjugation.) We call o,7 a pair of complex conjugate
embeddings.

Remark 1.5.10. Note that Proposition 1.5.8 applied to K/Q tells us that if r;
is the number of real embedding and 75 is the number of complex conjugate
embeddings (i.e. there are 27, complex embeddings), then

(K : Q] =1 + 2rs.

Theorem 1.5.11 (Primitive element theorem). Let K/F be a finite extension of
number fields. Then there exists o € K such that K = F(«).

Proof. We prove this by induction on [K : F|. If K = F there is nothing to prove.
So assume that K # F' and let @« € K\ F. Then by our inductive hypothesis we
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have K = F(a, ) for some /3. We claim that there are infinitely many ¢ such
that K = F(a+¢f3). To do this we will show that there can only be finitely many
¢ € F such that K # F(« + ¢f3). Assume this is the case, then lets think about
how many conjugates o + ¢/ has over F. If K = F(« + ¢f3) then by Proposition
1.5.8 there would be [K : F| conjugates of (a + ¢f3), but since we are assuming
we aren’t in this situation there must be fewer conjugates. In particular, we must
have two distinct embeddings 7, o : K < C which extend F' and send (a + ¢f3)
to the same element. So

n(e) +en(B) = o(a) + co(B).

Now, note that o(5) # n(3) since otherwise, n(«r) = o(«) and thus, since
K = F(«, 8) wed have o = 1, which is a contradiction. Therefore

but by Proposition 1.5.6 there are only finitely many possibilities for n(a), n(3),
o(a), o(5)

If you use Galois theory then there is a much quicker proof: Since [K : F] is
finite, there are only finitely many intermediate fields. Now just pick & € K which
is not contained in any of there intermediate fields, then F'(«) is an extension of
F not contained in any proper subfield of K, so K = F(«). O

1.6 The standard representation

Definition 1.6.1. Let K be a number field and let & € K. Then we can associate
to « a linear operator

A, K — K T Q.

This can be written as a matrix over QQ by picking a basis of K over Q. The map
a — A, is called the standard representation.

Remark 1.6.2. If we had K /F an extension of number fields then by picking a
basis of K/F we can write A, as a matrix with coefficients in F.

Example 1.6.3. Let K = Q(v/5) and let o = 34 21/5. We have a basis for K/Q
given by {1,v/5}. So A, (1) = 3 +2v/5 and

A, (VB) = (3+2V5)(V5) =10+ 3V5

3 10
=2 3)
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Proposition 1.6.4. Let K be a number field and o € K.
The map o — A,, is injective.

A Let a, 8 € K and \ € Q then

Aap = AcAp Aoyp =Aa + 45 Axa = Aa

R IfC, is the characteristic polynomial of A, then Cy(ar) = 0.

Proof. For & we just need to note that A, (1) = o, therefore v = 3 if and only if
A, = Ap.

For A, this is obvious from the definition of A, as the multiplication by «
map.

Lastly for & note that by Cayley-Hamilton that C'(4,) = 0. Now, from
A it follows that for any polynomial f(z) € Q[z] we have f(A,) = Af(a), 5O
Ac,(a) = Ca(As) = 0 but then by '8" we must have C, () = 0.

O

Definition 1.6.5. For K a number field and o € K, then the characteristic
polynomial of A, is known as the field polynomial of o. We shall denote it by
C, but note that it depends on the field we are working with. In particular, if we
write a basis for K over Q or a basis for K over F' (for F' some subfield), then
the field polynomial can be different in each case. Therefore, unless otherwise
stated we will assume we mean a basis of K/Q.

Proposition 1.6.6. Let K = Q(«) for some algebraic number . Then C,, = m,,
in other words, the field polynomial of o agrees with the minimal polynomial.

Proof. Note that C,, will be a monic polynomial of degree [K : Q] and has « as
a root. But this means it is divisible by m,. But the are both monic and have the
same degree, therefore must be equal. O

Proposition 1.6.7. Let K be a number field and 3 € K. Then Az is diagonalizable
over C and

Cs = [[ (@~ 0:(8)) € Cla]
Here the product is over all embeddings o; of K into C.
Proof. By the Primitive Element Theorem 1.5.11 we can write K = Q(«). Now,
from Proposition 1.6.6, we know C|, = m, and by Proposition 1.5.6 we know
that m, = [[,(z — 0;(«)), therefore, C,, has n := [K : Q] distinct roots (by
Lemma 1.5.7), therefore A, is diagonalisable over C, with eigenvalues being the
conjugates of .. So we can find a matrix P (over C) such that

o1 ()
P 'A P =
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Now, € K we can find f(z) € Q[x] such that f(«) = [ and therefore

flow(a))
P AP = P‘lAf(a)P =P 'f(A)P = f(P'A,P) =

flon(a))
o1(B)

on(B)

And since P’lAﬁp and Ag have the same characteristic polynomial, we get
the result. ]

Corollary 1.6.8. Let K be a number field and B € K, then
Cs(z) = my()" U € Q[a]

Proof. By Proposition 1.6.7 we know all the roots of Cj are of the form o;(3).
Now, let v; be the embedding of Q(/3). Then from Proposition 1.5.8 we know
that each v; extends to [K : Q(3)] embeddings of K and by definition each of
these embeddings keeps v;(3) the same. So for each v;(3) there are [K : Q(3)]
embeddings o; such that o;(3) = v;(3). Now, since mg(x) = [[,(x — v;(B)) we
see that

Cs = H(JU —vi(B))

i

] [K:Q(B)]

giving the result.
Note that [K : Q] = [K : Q(5)][Q(B) : Q] so the power is correct, since Cs
has degree [K : Q] and mg has degree [Q(3) : Q). O

1.7 Norm and Trace

Let K/F be a field extension, we now look at ways of taking an element in K
and obtaining elements in F.

Definition 1.7.1. Let K/Q be a number field and o € K. Then we define the
norm of « by

Nijg(a) = Det(4,) € Q

and the trace of o by
Trg q(e) = Trace(A,) € Q.

Here Trace(A,) is the sum of the diagonal entries of A,.
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Example 1.7.2. Let K = Q(v/5) and a = 3 + 2v/5, then 4, = (3¥) and
therefore Try g(a) = 6 and N g(c) = —11.

Proposition 1.7.3. Let K be a number field of degree n over Q and o € K. Then
Col@) = 2" = Trijg(@)a™ " + -+ + (=1)"Ni/g().

Proof- This is immediate from the definition of C,, as the characteristic polynomial
of A,.

Specifically, its a basic result in linear algebra, that says if M is a n X n matrix
with characteristic polynomial C'(X) then

C(X)=X"—Trace(M)X" '+ -+ + (=1)"det(M)
where Trace(M) is the sum of the diagonal entries of M. O

Exercise 1.7.4. Let K = Q(v/d) with d square-free. Show that
TrK/@(a%—b\/g) =2a NK/Q(a+b\/E) =a® — db’.
Proposition 1.7.5. Let K be a number field and o, B € K. Then

TTK/Q(OC +6) = TI"K/Q(@) + TTK/Q(B) NK/Q(QB) = NK/Q(Q)NK/Q(B)-

Proof- By definition we only need to consider the trace of A, + Ag and the
determinant of A, Az. But we know from linear algebra that trace is additive and
determinant is multiplicative, so the result follows. ]

Proposition 1.7.6. Let K be a number field, « € K and let o; be the embeddings of
K into C. Then

Tri/gla) = Zai(a) Nk gla) = Hai(a)

%

Proof- First recall that the norm and trace of a matrix and invariant under con-
jugation. Therefore, the Try g(a) = Trace(A,) = Trace(P~'A,P) similarly
for the norm. Now, by Proposition 1.6.7 we see that we can find P such that
P~'A,P is diagonal with entries o;(a). From this the result follows. O

One of the important properties of the trace function is that it gives us a
Q-bilinear pairing on K, defined as follows:

Definition 1.7.7. Let K be a number field. We have a pairing

(): KxK—=Q

given by
(a, B) = Trijg(aB)
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Proposition 1.7.8. The trace pairing is a Q-bilinear perfect pairing. In other words
ifa,f € K and A\ € Q then

(Aa, B) = (, AB) = Mo, B)
and if o € K is such that (o, ) = 0 for all € K, then o = 0.

Proof. The fact that it is bilinear follows at once from the definition of Tr q. To
check it is perfect, consider o # 0. Then a™' € K and thus Trg/g(aa™) =
Trg /(1) = [K : Q] which is non-zero. O
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Chapter 2

Algebraic integers

We will now move to studying some very important subrings of number fields,
known as the rings of algebraic integers.

2.1 Rings of integers

Definition 2.1.1. Let K be a field extension of Q (not necessarily finite). An
element « is called an algebraic integer if it is a root of a monic polynomial with
coefficients in Z.

Lemma 2.1.2. If A is a matrix with integer coefficients, then its eigenvalues are
algebraic integers.

Proof- If the matrix is integral, its characteristic polynomial is monic with integer
coefficients, and thus the eigenvalues are algebraic integers. O

Example 2.1.3. 1. /2 is an algebraic integer as it satisfies 22 — 2.
2. Any integer n € 7Z is an algebraic integer as they satisfy z — n.
Non-example 2.1.4. 7,e are not algebraic integers or even algebraic numbers.

Exercise 2.1.5. Let K = Q(v/5), is # an algebraic integer?
Notation 2.1.6. If K is a field extension of QQ we denote the set of algebraic
integers in K by Of. We will show later that this is in fact a ring.

Remark 2.1.7. Recall the we defined Q to be the subfield of all algebraic numbers
in C. One can similarly define Z to be the ring (we will see later why this is a
ring) of all algebraic integers. From this, one then gets Ox = K NZ for K a
number field.

In general it can be hard to prove something isn’t an algebraic integer, since
youd have to prove it satisfies no monic polynomial with inter coefficients. But
we have the following result that helps in some cases:
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Proposition 2.1.8. Let o« € K be an algebraic number with minimal polynomial
M. Then o is an algebraic integer if and only if m,, has integer coefficients (note
that it will be monic by the definition of minimal polynomial).

Proof. If «v is an algebraic integer, then its an algebraic number, so I claim that
m, is monic with integer coefficient. We know « satisfies some some monic
polynomial f(z) with integer coefficients and therefore m,, divides f(z). Now
use the monic Gauss lemma 1.2.11 to get that m,, is in Z|[x].

Conversely, if m,, is has integer coefficients, then « satisfies a monic polyno-
mial with integer coefficients, thus is an algebriac integer. ]

Corollary 2.1.9. Let K be a number field and o € K. Then « is an algebraic
integer if and only if C,, has integer coefficients.

Proof. This follows from Corollary 1.6.8 and Proposition 2.1.8. O

Corollary 2.1.10. Let K be a number fields and o € K. Then there exists a
n € Z\{0} such that no is an algebraic integer.

Proof Let A, be the standard representation of a.. Then this is a matrix with
rational entries. So if we clear denominators by multiplying with a suitable integer
n we get that nA, = A,,, is an matrix with integer entries and therefore na is
an algebraic integer by Lemma 2.1.2. O

Theorem 2.1.11 (Integers in quadratic fields). Let d be a square free integer and let
K = Q(v/d) then

{ Z[Vd] ifd=2o0r3 (mod 4)
OK ==
ZMY9) ifd=1 (mod 4)

2

Proof Let o = a + bv/d with a,b € Q. If b = 0 then we are just asking which
rational numbers are algebraic integers, which we have seen are only the integers.
So assume b # 0. Then the minimal polynomial of a over Q is

2 — 2ax + (a® — db*).

Therefore, « is an algebraic integer if and only if 2a and (a? — db?) are integers.

Now, since 2a is an integer, we have 4a? is an integer, and thus d(2b)? must
be an integer. If 2b was not an integer, then a p* (for some prime p) would
appear in the denominator of (2b)?. This would force d to be divisible by p?
contradicting the square-free assumption. Thus 2b € Z.

So let u = 2a,v = 2b. Then we have u? — dv> = 0 (mod 4). Now, if v
is even, then so is u in which case a,b € Z. So assume v is odd, we need to
show this can only happen if d =1 mod 4. Now, v* = 1 (mod 4), and u? is
either 0,1 (mod 4). But note it can’t be zero since d cant be 0 (mod 4) as its
square-free, therefore u? =1 mod 4 and hence d =1 mod 4. O

22



Exercise 2.1.12. Check that if d is square-free and congruent to 1 modulo 4 then
Z[HT\/Q] = {%M |a,b € Zand a=b (mod 2)}

Definition 2.113. Let o € C. We let Z[a] = {f(«) | f € Z[z]}, in other words
its the smallest ring containing both Z and «.

If we think of Z[a] simply as an additive group, then it is generated by
{L,a,a?, ... }.

Definition 2.1.14. Let o € C. We say Z[a] is finitely generated as an abelian
group if there exits a finite set {b1,...,b,} of elements b, € Z[a] such that every
element of Z[a] may be written in the form

xlbl + -+ xnbn
with x; € 7.

Theorem 2.1.15. Let o« € C. The following are equivalent:

() aisan algebraic integer.
8 45 an additive group, 7] is finitely generated.
(7 o is an element of some subring of C having a finitely generated additive group.

B oA c A with A C C some finitely generated additive subgroup. Here oA is
the set of elements of the form ax for x € A.

Proof. ] — M@ : Since « is an algebraic integer, it is the root of the monic
polynomial m,, of degree n, say, which has integer coefficients. In this case we
claim that {1,«,---,a" '} is generates Z[a]. For this we note that if f(«) €
Z|«), then by doing polynomial long division we have f(x) = q(x)m,(z) + r(z)
with deg(r) < n. Now if evaluate at o we get f(«) = r(«). But since deg(r) < n

we see that () is in the Z span of {1, a,--- ,a" '}. Thus giving the claim.
8 — () — @: This is trivial.
It remains to prove 8 = (. Let {a;,...,a,} be a basis of A. Then as

each aa; € A we can again write it in terms of this basis, so we get a system of
equations

aa)p = 21101 + -+ T1 -0,

QG = T2 101 + - + To 0y

ad, = Ty 101 +- Ly rQr
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with the x; ; € Z. If we write this in matrix form by setting X = z;,, a =
(a1,...,a,) then we have
Xa® = aa”

(here ()7 denotes transpose). Therefore, @ is an eigenvalue of X, which is a
matrix with integer entries. Thus by Lemma 2.1.2 we must have that « is an
algebraic integer.

O
Using this we can now prove that Ok is actually a ring.
Corollary 2.1.16. Let o, 3 be algebraic integers, then so are o + (3 and of3.

Proof. Since «, 3 are algebraic integers, then by Theorem 2.1.15 8 we have Z[«/]
and Z[(] are finitely generated (as additive groups). Moreover, the ring Z|[a, (]
(take this to be defined as the smallest ring containing Z, o, 3) is also finitely

generated, since if {a,,...,a,} generate Z[a] and {by,...,b,,} generates Z[[]
then {a;b;}; ; generates Z[«, 5]. Now, Z[c, 3] contains both o + 5 and a3, then
2.1.15 (I tells us that they must also be algebraic integers. O

Corollary 2.117. If K is a number field, then O is a ring.

Proof. This follows at once from the above, since if «, 5 are algebraic integers
in K, then o + 8 € K,af8 € K and by the above, they are both algebraic
integers. U

Exercise 2.1.18. Let K/F be an extension of number fields and assume that
a € K is a root of a monic polynomial with coefficients in Op. Prove that « is
an algebraic integer.

Proposition 2.119. If K is a number field and o € O then Try,g(c) and
Nk o(a) are both in 7.

Proof. By Corollary 2.1.9 we know C, has integer coefficients and therefore by
Proposition 1.7.3 we get the result.
O

Warning 2.1.20. Note that if « is an algebraic integer then A, need not have
integer entries. It possible that in different bases the matrix A, does not have
integer entries. What is true is that in any basis the norm and trace will always
be integers as the corollary shows.

V1417
2

Warning 2.1.21. The converse is not true. For example has integer norm

and trace, but it is not an algebraic integer.
Proposition 2.1.22. Let «v be an algebraic integer and K = Q(«v), then Z]o] C Ok.
Proof- Since « is an algebraic integer and by definition it is contained in K, we

have o € Ok, from which the result follows by Definition 2.1.13. O
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Warning 2.1.23. If K = Q(«) is a number field, then is it not always the case
that Ox = Z[a] as we can see from Theorem 2.1.11. You might ask if its possible
to always find some algebraic integer o’ such that Ox = Z[c/] but this is also not
true. There are rings of integers that are not generated by a single element. For
example, if « is a root of z* 4+ z? — 2z — 8, then one can show that if K = Q(«)
then Ok is never of the form Z[/] for any algebraic integer /.

So you may ask, why do we care about Oy instead of Z[a]? we’ll it turns out
Og is a better invariant of K as we will see later.

Proposition 2.1.24. Let K be a number field and let R be a subring of O which
generates K as a field (i.e. Frac(R) = K). If R has unique factorization, then
R == OK.

Proof- We know that R C O, we will show the opposite inclusion. Let o € O.
Then since K is the field of fractions of R we can find §,y € R such that a = 3,
with J, v sharing no common factors other than a unit.

Now, since « is an algebraic integer, we can find some monic polynomial
such that

A"+ a, 10" V- +ag=0.

If we now multiply through by 0" we get
,yn +an71,yn—15+ e aO(Sn =0.

Since R is assumed to have unique factorization, we see that if  is an irreducible
factor of §, then w is an irreducible factor of 4™ and thus is a factor of 7. But
we assumed that ¢,y shared no common factors other than units. So ¢ has no
irreducible factors and is therefore a unit. So Ok C R, giving the result. O

So, lets try to find a basis for Of.

Definition 2.1.25. Let K be a number field and let {b;,...,b,} be a basis
for K/Q. We call this an integral basis if Ox = Z[by,...,b,] = {z1b; +
< xpb, | x; € Z} as an additive group. In practice, the set {b;} will be
some thing like {1, a,a? ...,a" '} in which case, as rings, we have Z[a] =
ZIl,a,a?,. .. a1

Ok, so we know what we are looking for, so how are we going to make such a
basis. For this we will study the discriminant.
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2.2 Discriminants

Definition 2.2.1. Let K be a number field and let B = {b,...,b,} be a set of
elements in K. The discriminant of B is defined as

Trg q(bibr) -+ Trr/g(bibn)
A(B) = det :
TrK/Q(bnbl) o TrK/Q(bnbn)

If needed we will denote the matrix

TI‘K/Q(blbl) s TI‘K/Q(blbn)

Tri)q(bubi) -+ Tri/g(bnbn)
byTB

Example 2.2.2. Let K = Q(v/d) with d square-free. Then lets take B = {1, /d}

which is our basis for K. Then we have

B Trro(l)  Trge(Vd)\ 2 0Y)
A(B) = det <m/«/§m> Tr(d) )=t (G ) =

Proposition 2.2.3. Let K be a number field and let B = {by,...,b,} be a set
of elements in K. Then A(B) # 0 if and only if the elements in B are linearly
independent.

Proof. First recall from linear algebra, that if we have a finite dimensional vector
space V with a non-degenerate bilinear form (,) on V/, then {vy,...,v,} a basis
of V if and only if

<Ulav1> s <vlvvn>
det : : # 0.

(Up,v1) =+ (Un,0p)

(This matrix appearing here is called the matrix associated to the pairing (,)
with respect to our chosen basis).

Now, by Proposition 1.7.8 we know that the trace pairing is perfect, which in
particular means it is non-degenerate. Moreover, A(B) is exactly the determinant
of the matrix associated to the trace pairing. So, we see that B consists on linearly
independent vectors if and only if A(B) # 0. O

So this is a good way to check if a set of elements are a basis for K/Q. Now,
lets see how A(B) is related to A(B’) for B, B’ two different bases for K/Q.
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Proposition 2.2.4. Let K be a number field and B, B’ bases for K /Q. If P denotes
the change of basis matrix, then

A(B) = det(P)*A(B').

Proof. Let Tz = (Trg,q(bib;));,; be the matrix associated to the trace pairing
with respect to B. Then, it is a basic result in linear algebra that if you have
the matrix associated to a bilinear pairing and change the basis, then the
matrix gets conjugated by the change of basis matrix. This means that T =
P'Tp: P, (where ()* denotes transpose). Now, taking determinants we get A(B) =
det(Ts) = det(P'Tg P) = det(P") det(Ts:) det(P) which gives the result once
you remember that det(P") = det(P). O

Now, by the Primitive element theorem 1.5.11 we know that for a number field
we can always find some « such that K = Q(«) and in this case {1, «,...,a" "'}
is a basis of K/Q where n = [K : Q. But as we mentioned above, we cant do
this for rings of integers. But, using the discriminant we can check if we have a
basis for our ring of integers.

First note that:

Proposition 2.2.5. Let K be a number field and B = {by,...,b,} be elements in
Ok, then A(B) € Z.

Proof. If b;by, is an algebraic integer, then Trx,q(b;b;) € Z. Therefore the matrix
T's has integers coefficients, and therefore the determinant is a integer. ]

Warning 2.2.6. Just because we take a basis consisting of algebraic integers, it
doesn’t mean that it is an integral basis. To find an integral basis we need to be a
bit more careful.

Lemma 2.2.7. Let K be a number field and B = {b,,...,b,} be a basis for K/Q
consisting of algebraic integers. If B is not an integral basis then there exists an
algebraic integer of the form

o x1b1++l‘nbn
p

where p is a prime and x; € {0, ...,p — 1} with not all x; zero. Moreover, if x; # 0
and we let B’ be the basis obtained by replacing b; with o, then

In particular p* | A(B).

Proof. If B is not an integral basis then we can find some element ¢ € O such
that

¢ = ylbl + . 'ynbn

27



with not all the y; in Z. So, let IV be the least common multiple of the denomina-
tors of the y; (meaning Ny, € Z for all ¢). Now, let p be a prime factor of N. If
we now consider (N/p)¢ then all of the coefficients of b; are in %Z (so they have
denominator 1 or p.) and at least one of them has denominator p (since not all
the y; where in Z). So by relabelling, wlog we can assume

with y; € %Z
Now look at
V= [y ]bi 4+ 4 [Yn] b

(here | x| denotes the integer part of z). The both v and ¢ are algebraic integers
(as the b; are algebraic integers). Therefore, so is § = ¢ — 1. By construction, 6
has coefficients of the for % :=y; — |y:] where z; € {0,...,p— 1} and not all
the x; are zero (since, again, not all the y; were in Z). This gives the first part of
the lemma.

Now, assume z; # 0, then let us replace b; € B with 6 to get a new basis B’
which again consists of algebraic integers. Next, we note that the change of basis
matrix from B to B’ is

10 i 0
p

0 1 %2 0
p

00 --- 2o ... 1

P
(here the column of x;/p’s is in the i-th column).
This matrix has determinant %. Therefore, by Proposition 2.2.4 we see that
A(B') = ;—EA(B). But both A(B), A(B’) are in Z by Proposition 2.2.5, therefore
p? | A(B) giving the result. O

Corollary 2.2.8. There exists a (finite) integral basis in K.

Proof- The fact that it is finite follows from K being a finite extension of Q. Let
B be a basis consisting of algebraic integers, now by repeatedly applying Lemma
2.2.7, we can obtain B such that | A(B) | is as small as possible. This must now
be an integral basis, otherwise Lemma 2.2.7 would allow us to find a new basis
B’ with |A(B’)| < |A(B)| contradicting our choice of B. O

From this we also get:

Corollary 2.2.9. If B is a basis consisting of integral elements and A(B) is square-
free, then B is an integral basis.

Proof. This follows at once from Lemma 2.2.7. O
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Warning 2.2.10. Note that the converse is not true! For example if K = Q(v/—1)
then B = {1, /—1} is an integral basis, but A(B) = —4 which is not square-free.

Remark 2.2.11. Note that this also gives us an algorithm for finding an integral
basis as follows:

1. Pick B a basis consisting of algebraic integers and calculate A(B).

2. For each prime p such that p? | A(B) we can use Lemma 2.2.7 to get a
new basis B’ with smaller discriminant.

3. Now, repeat step one.

Example 2.2.12. Let K = Q(+/5) and take B = {1,4/5}. Then we have

A(B) =22 -5. So, if we apply Lemma 2.2.7 we get a new basis B’ = {1, 1+2\/5}

which has discriminant 5, which is square-free, and therefore is a basis of O.

Proposition 2.2.13. Let B, B’ be two integral bases of a number field K. Then
A(B) = A(B').

Proof. In this case the change of basis matrix from B to B’ is an invertible matrix
with integer coefficients, so its determinant is +1. Using Proposition 2.2.4, we see
that a change of basis matrix won’t alter the discriminant, since the factor of the
determinant squared is what appears.

O]

Definition 2.2.14. Let K be a number field, and let B be an integral basis. Then
we define the discriminant of K as A(B). Note that by Proposition 2.2.13, this
definition does not depend on the choice of integral basis. So we will sometimes
denote it simply by A(Ok).

2.215 Formulae for calculating discriminants

Let us now look at some alternative ways for calculating discriminants.

Proposition 2.2.16. Let K be a number field with basis B = {b,...,b,} and let
O1,...,0, be the embeddings of K into C. Now let M be the matrix

o1(by) -+ o1(by)

on(b) - ou(by)

Then
A(B) = det(M)>.

Proof. By Proposition 1.7.6 we know that Trx g (b;b;) = >, 0x(b;)or(b;) which
is the same as the (i, j) entry of M*M. Therefore

det(T) = det(M'M) = det(M)>.
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O

Now, by the Primitive element theorem 1.5.11, for any number field K we can
find some « such that K = Q(«) and thus {1,,a?,...,a" '} is a basis for
K/Q where n = [K : Q]. In this case the discriminant is given by:

Proposition 2.2.17. Let K be a number field and B = {1,a,0a?,...,a" "'} for
some o € K. Then
A(B) = [J(ei(c) — o;(c))”
i<j
where o, are the embeddings of K into C.

Proof. First we recall a classical linear algebra result relating to the Vandermonde
matrix, which states that

1z 22 - 2!
det | : : = H(Jh — ;).
1 z, a2 - a7t i<J
Combining this with Proposition 2.2.16 gives the result. O

Lastly, we have probably the more useful formula for computing the discrimi-
nant in this case, but before we state it we need the following lemma.

Lemma 2.2.18. Let f be a monic irreducible polynomial over a number field K and
let o be one of its roots in C. Then

(@) =T~ 8),
B#a

where the product is over the roots of [ different from c.

Proof We first write f(x) = (z — a)g(x) which we can do (over C) as « is a root
of f, where now g(z) = [[5,(z — B). Differentiating we get

f'(x) = g(z) + (z — a)g'(2).
If we now evaluate at o we get the result. O

Proposition 2.2.19. Let K = Q(«) be a number field with n = [K : Q] and let
B={1l,a,0? ...,a" }. Then

n(n—1)

A(B) = (=1)" = Nx/g(mg(a))

where m., is the derivative of m,,(x) (which we recall denotes the minimal polynomial

of ).
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Proof. By Proposition 2.2.17 we have A(B) = [[,_,(a; —;)? where ay := oy ().
Next, we note that the number of terms in this productis 1+2+---4+ (n—1) =

@. So if we write each term as (a; — a;)? = —(a; — a;)(a; — ;) we get

A(B) = (—1)" 7 H [1(e:

i£j

Now, by Lemma 2.2.18 and Proposition 1.7.6 we see that

NK/@ Hm a;) HH -—04]

i=1 i#j

which gives the result.

O]

Example 2.2.20. Let a be a root of m,(z) = x® — 2 (which is irreducible by
Eisensteins criterion 1.2.15). Therefore Q(«) has degree 8 over Q and a basis is
B:={1,q,...,a"}. From the above we then have

A(B) = (=1)*"2Ng(ay/a(my (@) = Nogw)o(8a”)
= Ng(a)/0(8) Noayo(a’) = 8% - (=2)7 = —2%

Here we use that Ny ,g(a”) = Ng,g(a)” and that N g(a) = —2.

Now, by Lemma 2.2.7, if we want to find an integral basis, we need to first
pick a basis B of algebraic integers, and then check for which primes p|A(B)
we have p?|A(B). Its at these primes where we might need to modify our basis

candidate B.

In order to make this simpler, here is a simple trick.

Lemma 2.2.21. Let K = Q(«)and o be an algebraic integer such that m,, satisfies
Eisensteins Criterion 1.2.75 for a prime p. Then none of the elements

1
¢ = ];(930 + I + -+ ﬂ?‘n,lanil)

is an algebraic integer, where n = deg(m,,) and x; € {0,...,p — 1}.

Proof. We will only prove the case when m,, is Eisenstein, since the proof of the
more general case is identical.

Suppose for contradiction that ¢ € Ok and let x, be the first non-zero
coefficient, so

1
¢ = ;;(md@d + g™+t x, 0" ) € Ok
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Now, rewrite this as ¢ = I%(:Bdozd + a4t13) for some 3 € Ok. Next, multiply
through by a™ 174 then we have

 —1 n
Taa" a™f
+
p

€ Ok.

Now, since m,, satisfies Eisenstein at p, we see that " = pf(«) for some
f € Z|z] and therefore the above gives us that

n—1

TqgQx

+ Bf(a) € Ok.

and thus .
raa"

p

Lets now calculate the norm of this:

N g N (o)™
K/Q D - pr :

€ Ok.

By Eisenstein the constant coefficient of m,, is divisible by p but not p?, so since
the constant coefficient of m,, is Nk g(a) we see that N g(a) = pa where p 1 a.
Therefore we have

n—1_n—1 n—1

n—1 n n
TqQx T, P a xr ;ja
p p p

But this cant be in Z since p doesn’t divide x4 or a, and this gives us a contradic-
tion since Proposition 2.1.19 says that the norm of an algebraic integer must be
an integer. So ¢ couldn’t have been an algebraic integer.

O

How do we use this? well let me show you one use.

Example 2.2.22. Let a be a root of 2® — 2. Then as we saw in Example 2.2.20
we know that B = {1, ,...,a"} has discriminant —23!. So the we only need to
check at p = 2. But m,, satisfies Eisensteins criterion 1.2.15 with p = 2, therefore
the Lemma 2.2.21 tells us that in fact this must be an integral basis, since dividing
by 2 wont ever give us new algebraic integers.

2.2.23 Discriminants of trinomials

Lemma 2.2.24. Let o be an algebraic number with minimal polynomial m,, and
let B € Q(«) be such that o = e with a,b,c € Q and b # 0. Then deg(m,) =
deg(myg).

Proof. First consider mq (o) = ma(35;;) = 0. By clearing denominators, we see
that /3 satisfies some polynomial f(x) of degree deg(m, ). Therefore, since mg

32



is the minimal polynomial of 5 we see that mgz must divide f(x) and therefore
deg(myg) < deg(ma).

Now, note that § = % — ¢ = 1(aa™" +¢) (as b # 0). The same argument
now shows that deg(m,-1) < deg(mg). Now, if you do Exercise 1.4.9 you will
see that deg(m,,) = deg(m,-1), which gives the result.

Alternatively here is a slicker proof by Alexandros Groutides: Note that
Q(a) = Q(P) (just do double inclusion). Then since deg(mg) = [Q(B) : Q] =
[Q(a) : Q] = deg(my) (by Cor. 1.3.12) we get the result.

_1

O]

Theorem 2.2.25. Let K = Q(«) a number field with m,(x) = z™ + ax +b. Then

n(n—1)
2

AL, a,...,a" ') = (1) (n"o" ' 4+ (=) (n—1)""ta™).

Proof. From Proposition 2.2.19 we have

n(n—1)

A({L,a,... 7an71} = (_1)TNK/Q(mIa(O‘)))'

Now, let 8 = m/ («), then we have

B=na""'+a=—(n—1)a—nba " .
Since a” + aa + b = 0 implies na"~! = —na — nba~*. Which gives
—nb
o=
B+ (n—1)a
Now, using Lemma 2.2.24 we see that n = deg(m,) = deg(mg). Moreover, if
we take m,(z) = 2" + ax + b, evaluate at W’fl)a and clear denominators, we

get that
(B4 (n—1)a)" —na(8 + (n — 1)a)"~" + (~n)"b"~" = 0.
Therefore f is a root of
(@ + (n— Da)" — na(x + (n — 1)a)"~* + (—n)"b""

which is a monic polynomial of degree n = deg(mg), therefore this is the minimal
polynomial of 3.

Now, by Proposition 1.6.6 or Corollary 1.6.8 we have C's = mg. Therefore
by Proposition 1.7.3 we see that (—1)" times the constant coefficient of mg is
Nk o(). Therefore we get

Nia() == 4 (17— 1tar,

which gives the result.
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Corollary 2.2.26. Let K = Q(«) be a number field with m,,(z) = 2* + ax + b.
Then
A({1,a,a?}) = =270 — 4a®.

Let K = Q(«) a number field with [K : Q] = 3. Then m,(z) = 2* + az® +
bx + c for a,b,c € Q. If we replace a with o := a + a/3 then Q(a) = Q()
but this has the effect of removing the z? term in the minimal polynomial, so
after relabelling if necessary, we have K = Q(«) with m,(z) = 2 + ax + b.
Therefore Corollary 2.2.26 gives us a quick way to find the discriminant of a

cubic field.

Example 2.2.27. Let o be a root of 2° + = + 1, and let K = Q(«). Then
A({1,a,a*}) = —31 which is square-free and therefore by Corollary 2.2.9
{1, @, a?} is an integral basis and therefore O = Z[a].

Exercise 2.2.28. Using Theorem 2.2.25 show what if K = Q(+/d) with d a
square-free integer, then

A(Ox) = d ifd=1 (mod4)
7V 4d ifd=2,3 (mod 4).

2.3 Cyclotomic fields

One of the more interesting number fields are the ones we get by adjoining a root
of unity to Q. In other words Q((,,) where (, is a root of ™ — 1. From now on,
when we write (,, we mean a primitive n-root of unity, meaning n is the smallest
non-zero integer such that (' = 1.

Lets look at the case n = p for p some prime number. Then from Example
1.2.16 we know that 2P — 1 is not irreducible, but

P,(z)=1+z+ - +a!

is minimal. So m¢, = ®,.
More generally, here is a Lemma we will use without proof.

Lemma 2.3.1. For n any integer, ®,, is an irreducible polynomial of degree o(n)
(where @ is Euler’s Totient function).

Theorem 2.3.2. Let (, be a p-th root of unity for p an odd prime, let \, =1 — (,
and K = Q((p). Then O = Z[(,] = Z[\,] moreover

(p—1)
2

A({l) va ) C572}) = A({lv )‘p7 SRR )‘272 ) = (_1) pp72
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Proof. First note [K : Q] =p — 1.

Since (, = 1 — )\, we at once get Z[(,] = Z[),] (just do double inclusion).
Next, let a; = 0;((;,) denote the conjugates of (,, which is the same as the image
of ¢, under one of the embeddings o; : Q((,) — C. Now by Proposition 2.2.17

we have

AL Gy 72 = [ [ — ) = [[((1 = ) = (1 = o))?

1<j i<j

— A{1, Ay, .., AR72})

Now, by Proposition 2.2.19, we have

(p—1)(p—2

A1, G+, C272)) = (1) ' Nie/a(®)(G,))

(p=1)(p—2) (p—1)
2

= (—1)" =z . Next, we see that

Since p is odd (—1)

@;(x) = pfﬁp_l(f(; i) 1_)2(:Ep ab)

therefore (o
, jZC
(pp(CI)) = - ;\ °

P

Lastly, note that Ng/g(¢,) = 1, since this is the constant term in its min-
imal polynomial. Similarly, from the computation in Example 1.2.16, we see
Nk g(Ap) = p. Putting this all together, we get

Ng Ng pp71 -1, p—2 -2
Nio(P,(Gp)) = /%2@(—@/\(:)) = (=i =p”

So the last thing we need to prove is that Ox = Z[(,]. From the calculation
we just did, the only prime dividing the discriminant is p, therefore Lemma 2.2.7
tells us the only prime we need to check is p. But from Lemma 2.2.21 we know
that dividing by p wont give us any new integral elements, so this must be an
integral basis which give the result.

O]

Exercise 2.3.3. 1. Let p be a prime, k a positive integer and (,» be a p*-th
root of unity and let A\ v =1 — (,». Show that

and
k k
AL G- G = AL Ager- - X)),

Here ¢ is the usual Euler totient function.
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2. Show that A({1, (k.. ., C;"k(pk)}) divides p/w(pk)_

3. Let p be a prime and n = p*. Let S = {1 <z < n|pfx} (ie the set of
elements less than n which are not divisible by p). Show that

[Ta-¢o=»r

res

and from this deduce that /\Zfép ") divides p in Z[(,x]. [Hint: Consider the
polynomial

1 k—1

fla) = =1+ 2 g g

]
4. Using the above prove that if K = Q((,x) then Ox = Z[(,r] = Z[\x].
If one works harder, one can show (but we wont prove this):

Theorem 2.3.4. Let n be a positive integer and (,, a root of unity. If K = Q((,)
then

Exercise 2.3.5. Let n be a positive integer and let (,, be an n-th root of unity.
Show that if k is coprime to n then

L4 Gt G

is a unity in Z[(,].

[Hint:Check that its inverse is i:gz

Exercise 2.3.6. Let p be a prime and n = p*. Show that
p=u(l— Cﬂ)s@(n)

where u € Z[(,]* (i.e. u is a unit).
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Chapter 3

Factorization in rings of integers

We now move on to the study of primes and prime ideals in rings of integers.

3.1 Units

One of the things we would like to know is what are the units in Ok for K some
number field.

Proposition 3.11. Let K be a number field and let O} denote the group of units,
then
O;; = {Oé € Ok ‘ NK/Q(Oé) = :|:1}

Proof If o is a unit the o' € Ok and therefore Ny g(o)Ng/g(a)™' =
Ngglaa™) = Ngg(1) = 1. So Ng/g(«) € Z* and is therefore 1.

Now, assume Ng/g(a) = £1 and let 0; be the embeddings of K into C with
o1 the identity embedding. Then

which means a~' = +[['_, 0;(«) but each 7,() is again an algebraic integer
soa™! € ZN K = Ok (see Remark 2.1.7).
O

Example 3.1.2. Let us look at ' = Q(v/2). In this case we have already seen
that Ok = Z[/2]. Now, is 1 + /2 a unit? Well

Nijo(1+V2) = (1+V2)(1 - v2) = -1
So yes it is.

Next we have a theorem which we will use but not prove.
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Theorem 3.1.3 (Dirichlet’s Unit theorem). Let K be a number field and let
px ={x € K* |z" =1 forsomen € Z~,}.

This is the set of roots of unity in K. Let v, denote the number of real embeddings of
K and ry the number of complex conjugate pairs of embeddings. Then

O}X( = MK X ZT1+T2_1

Corollary 3.14. If K = Q(v/—d) with d € Z~ a square-free integer, then O} is
MK

Proof- In this case r; = 0 and 7, = 1 therefore Theorem 3.1.3 gives the result. [

Exercise 3.1.5. Show that if K = Q(+/d) with d € Z a square-free integer, then

{£1,+V-1} if d=—1. (3.0)
pr =9 {1, ¢3¢, ¢ ¢ if d= -3 (3-2)
{£1} otherwise (3.3)

2m/6 _ 14V =3

where ( = e 5

Corollary 3.1.6. Let K = Q(\/d) with d a positive square-free integer. Then
Ox =2 {+1} x Z.

In this case there is a unique unit in w € O which generates O /{£1} and under
the standard embedding we have uw > 1. This unit u is called the fundamental unit.

Proof. Note that in this case px = {£1}. So the structure of the group of units
follows from Theorem 3.1.3. Now, O /{£1} = Z so take any unit v mapping to
a generator of Oy /{%1}. Then one of {+v, +v~'} is in the set (1,00). So let u
be this unit. O

Proposition 3.1.7. Let K be a number field and let & € Og. If Ngjg(a) = £p
for p a prime number, then « is an irreducible element of O .

Proof. Let o = By we want to show that one of 3, is a unit. Now taking norms
we have

Nk jola) = Nko(B)Nkjo(y) = £p.

Therefore as p is prime we must have Ng,go(5) = 1 or Ng,g(y) = £1. In
either case we get the result. O

Remark 3.1.8. The converse is false. For example in Z[\/—1] the element 3 is
irreducible and has norm 9.

Proposition 3.1.9. Let K be a number field and oo € Ok be non-zero and not a
unit. Then o can be written as a product of irreducible elements.
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Proof. We prove this by induction on |Ng,g(c)|. If Nk g(a) = 2 then « is irre-
ducible so we are done. Now assume it is true for all 3 with |Ng,g(58)| <

|INksg(a). If o is irreducible then we are done, otherwise @ = v with
INkso(B)]s [Nk/o(7)] < |Nkjg(a)|. Therefore both 5 and 7 can be factored
into irreducibles and thus so can a. O

Definition 3.1.10. We say a ring has unique factorization if whenever

P1P2 - Pn = q142 - Qdm

for p;, g; irreducible elements, then n = m and after possibly reordering we can
find units u; such that p; = wu,q; for all 7.

Example 3.1.11. The Z has unique factorization as does Z[y/—2].

But this is not usually the case, for example Z[\/—10] doesn’t have unique
factorization as 10 = 2 -5 = —4/—104/—10 all of which are irreducible as can be
seen by taking norms: Note that N /q(2) = 4, Nk/o(5) = 25, Nk ,o(v/—10) =
10. Now, every element in K = Q(1/—10) has norm of the form z? 4+ 10y* and
this can never be £2,+5, so there can’t be any irreducible elements dividing
2,5,/ —10 therefore they are irreducible.

In order to fix this, we will later decompose things into prime ideals and work
with this, but before this we need to understand ideals better.

3.2 Ideals in rings of integers

Let me recall some definition you may have seen in other courses.

Definition 3.2.1. Let R be a commutative ring. Then R is called Noetherian any
of the following equivalent conditions holds:

1. Every ideal is finitely generated.
2. Every increasing chain of ideals I; C I, C ... is eventually constant.

3. Every non-empty set S of ideals contains a (not necessarily unique) maximal
member.

Exercise 3.2.2. Check that these definitions are all equivalent.

Proposition 3.2.3. Let K be a number field and O its ring of integers. Then O
is a Noetherian ring.

Proof- We saw in Corollary 2.2.8 that O is finitely generated as an additive
group. Now, any ideal a C O is an additive subgroup of the abelian group Ok
and therefore is also finitely generated. So Ok is Noetherian. O

“Be warned, its not true in general that a subgroup of a finitely generated group G is finitely
generated. You really need G to be abelian for this to work.
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Proposition 3.2.4. Let K be a number field and a a non-zero ideal in Ok. Then a
contains some positive integer and moreover the quotient ring O /a is finite.

Proof. Let a € a\0 and N = Ng,g(«). Since a # 0, then N # 0. Now, by
Proposition 1.7.6 we see that N = a8 where 3 is a product of conjugates of «
so it is in Z. Moreover, 3 € Ok since 3 = N/a € K (recall O = K N Z). But
since a is an ideal N = o3 € a.

Now, lets use this to prove the quotient is finite. First note that since
N € a then (N) C a therefore |Ok/a| < |Ok/(N)|. Secondly, since O
is finitely generated as an abelian group, by picking an integral basis we get
an isomorphism (of additive abelian groups) Ox = Z" where n = [K : Q).
Therefore Ok /(N) = (Z/NZ)™ which is finite. Therefore so is Ok /a. O

Lemma 3.2.5. 4 finite integral domain is a field.

Proof Let R be a finite, non-trivial integral domain. Let € R\0. We need to
show that 7 has an inverse. Here is the trick: consider the sequence 7,72, 73, .. ..
Since R is finite at some point we must have " = ™ for some m < n. Then
r™(r"~™ — 1) = 0, but this is where being an integral domain comes in, since

this means either ™ = 0 or 7"~™ — 1 = 0. Since 7 # 0 and R is an integral
domain 7™ # 0. Therefore 7"~™ = 1. This means r~! = r"~™~! and therefore
r has an inverse. 0

Corollary 3.2.6. Let K be a number field. Then every non-zero prime ideal in Ok
is maximal.

Proof. By Proposition 1.1.22 we know that if p C Ok is a prime ideal then O /p
is an integral domain. Now, by Proposition 3.2.4 O /p is finite. But by Lemma
3.2.5 this is then a field. Now, using Proposition 1.1.22 again, p is maximal. [

Definition 3.2.7. Let R, A be rings with A C R a subring and € R. We say z
is integral over A if there exist a; € A such that

2"+ a, 12"+ 4 ap =0

for some n.
Let A’ be the set of all elements of R that are integral over A. Then similarly
to how we prove Corollary 2.1.16, A’ is a ring which we call the integral closure

of Ain R.

Moreover, if R is an integral domain and we let
Frac(R) := {a/bla,b € R,b # 0}

be its fields of fractions (this can alternatively be defined as smallest field contain-
ing R), then we say R is integrally closed, if it is integrally closed in its field of
fractions.

40



3.3 Dedekind domains

Next we will study properties of rings of integers. It turns out they are of a very
special type, called Dedekind domains.

Definition 3.3.1. A Dedekind domain is an integral domain R such that:

1. R is Noetherian.
2. Every non-zero prime ideal is maximal.

3. R is integrally closed.

Theorem 3.3.2. Let K be a number field with ring of integers O. Then Ok is a
Dedekind domain.

Proof- By Proposition 3.2.3 we get (1) and by Corollary 3.2.6 we get (2).

So we only need to prove Of is integrally closed.

Let v = a/8 € K satisfy a monic polynomial with coefficients in O, then I
claim that it is in fact an algebraic integer and therefore it is in K NZ = Ok.
(Note Frac(Ok) = K.)

The claim is Exercise 2.1.18.

Dedekind domains are great. Lets look at some of their properties.

Lemma 3.3.3. Let R be a Dedekind domain. Then every ideal contains a product of
prime ideals.

Proof Assume for contradiction this is not the case. Let .S denote the set of all
ideals that do not contain a product of prime ideals. Then, since R is Noetherian,
by Definition 3.2.1(3), S must contain a maximal element m (not to be confused
with maximal ideal, here maximal means with respect to the property of not
containing a product of prime ideals). Now m cannot be prime (otherwise m C m
gives a contradiction). Therefore we can find 7, s € R\m such that rs € m. Now
the ideals () + m and (s) + m are both larger then m so must contain a product
of prime ideals, but then so does their product ((r) + m)((s) + m). This product
is contained in m (since s € m) so we have a contradiction. O

Lemma 3.3.4. Let R be a Dedekind domain with field of fractions K and a a proper
ideal . Then there is an element x € K\R such that xa C R.

Proof. Let a € a be any non-zero element. By Lemma 3.3.3 the ideal (a) contains
a product of prime ideals. So lets take prime ideals p; such that [ p; C (a)
with m as small as possible. Now, since every proper ideal is contained in a
maximal ideal p (see Proposition 1.1.22), which is also a prime ideal (as maximal
ideals are always prime). Therefore a C p, so [[, p; C p.
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Now p must contain some p; since if not, we can take a; € p;\p then p
contains [ [, a; but none of the a; which contradicts p being a prime ideal. So
after possibly relabelling we have p; C p. But by Definition 3.3.1, in a Dedekind
domain all prime ideals are maximal, so p = p;.

Since m was taken as small as possible, (a) can’t contain any smaller product
of prime ideals, so we can find b € (], p;)\(a).

We claim that taking = = g gives the result: First note x € K\R since
otherwise £ = ¢ € R therefore b = ac € (a) which contradicts our choice of b.
Moreover, we claim that za C R. To see this note that since bp C [[, p;, C (a)
we have zp C R and therefore since a C p we have xa C zp C R.

O

Theorem 3.3.5. Let R be a Dedekind domain and a an ideal in R. Then there is
an ideal b such that ab is principal.

Proof. Let a € a\0 and let

b={feR|pac(a)}

This is again an ideal and it is non-zero since o # 0. By definition we have

ab C («) (1)

so we need to show equality.

For this consider the set ¢ = Lab. This is a subset of R by (}) and is in fact an
ideal. Now, if ¢ = R then ab = («) and we are done. So assume for contradiction
that ¢ is a proper ideal. Then by Lemma 3.3.4 we can find x € K\ R with K the
fraction field of R and z¢ C R.

Next, we note that ¢ contains b since o € a, therefore b C x¢ C R.
Moreover, since z¢ = Zba C R we have xba C («). Now, if we look back at the
definition of b we see that since b C R we have zb C b.

If we let 1, . .., 3, be a generating set for b, we can use b C b to think of
multiplication by x on b as a matrix A, defined by

2By Ba) = Au(Br, -, Bn)t

A, is a n X n matrix over R which has x as an eigenvalue. This means, z satisfies
a monic polynomial with coefficients in R. But R is integrally closed, so z € R
which gives a contradiction as we took x € K\ R. This completes the proof. [

Exercise 3.3.6. Show that if a is an ideal in an integral domain R and («)a is
principal for o € R\0, then a is principal.

Definition 3.3.7. Let R be a Dedekind domain and K its field of fractions. A
fractional ideal is a subset a C K such that

1. ais an abelian group under addition.
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2. za C a for every xz € RR.
3. There exists some x € R such that xa C R.

Example 3.3.8. Let ¢ € Q, then

() ={nq|neZ}

is a fractional ideal. More generally, if I? is an Dedekind domain K its field of
fractions and o C K. Then for any ideal a € R, La is a fractional ideal.

Warning 3.3.9. If a is a fractional ideal and z,y € a then it is not necessarily
true that zy € a.

Definition 3.3.10. Let R be a Dedekind ring and K its field of fractions. For
each z € K we call the fractional ideal

(z) ={zy |y € R}
a principal fractional ideal.

Proposition 3.3.11. Let R be a Dedekind domain and K its field of fractions. Then
the set Ji of non-zero fractional ideals forms a group under multiplication with
(1) = R being the identity.

Proof. As we had before, if a, b are fractional ideals, then ab is defined as the
fractional ideal generated by products of elements in a and b. This is clearly
associative, so we only need to check the existence of inverses.

If a is a proper ideal of R, then by Theorem 3.3.5 we can find an ideal b such
that ab = («) for some «. Then setting a™*
fractional ideal, then we can find some x € R such that za C R is an ideal (not
QS|

= éb gives an inverse to a. If ais a

just a fractional ideal), call it ¢, then a~ is the inverse. O

Remark 3.3.12. It follows, that if a is a fractional ideal in R, then
a!'={z¢c K|raC R}
where K is the field of fractions of R.

Corollary 3.3.13. If a, b, ¢ are non-zero ideals in a Dedekind domain and ab = ac
then b = c.

Proof. Multiplying on the left by a~' gives the result. O

Corollary 3.3.14. Let a,b be ideals in a Dedekind domain. Then a | b if and only
if bCa.
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Proof. If a | b then by definition we have b = ca, which means b C a. Conversely,
assume that b C a. Then by Theorem 3.3.5 we can find an ideal m such that
am = (a). Now, mb C am = (c) therefore ¢ = Tmb is again in R and moreover
it is an ideal (since, for example it is the product of two fractional ideals). The
result follows from then noting that ac = b. Ul

We can now use this as a fix to our problem of not being able to factor
uniquely.

Theorem 3.3.15. Let R be a Dedekind domain, then every ideal a can be written
uniquely as a product of prime ideals, i.e,

a=pip2...pPn,
with p; prime ideals (not necessarily distinct).

Proof. Lets begin by showing that every ideal can be written as a product of
prime ideal. Assume for contradiction that this is not the case. Then the set
of proper ideals which are not a product of prime ideals, must have a maximal
element by Definition 3.2.1 (3). Let b be this maximal element. Then b must be
contained in some maximal ideal p of R (which we recall is also prime). Then by
Corollary 3.3.14 we have b = pc.

This implies b C ¢ and this must be a strict containment as otherwise if ¢ = b
then b = bp which by Corollary 3.3.13 would mean p = R, which cannot happen
as p is a proper ideal.

Now, since c¢ is larger than b we must have ¢ being a product of prime ideals.
So then pc = b is also a product of prime ideals contradicting our assumption.

Lets now prove that the representation as a product of prime ideals is unique.
Suppose we have

PiP2. P =102 .. qm

with p;, q; not necessarily distinct prime ideals. Then q;...q,, C p;, which
means p; contains some g, (see the proof of Lemma 3.3.4 to see why this is true).
By relabelling the g; we can assume ¢; C p;. But since all prime ideals in a
Dedekind ring are maximal we must have q; = p;. So we can cancel this from
each side of the equality to get

Continuing like this we get n = m and after relabelling p; = q;, which completes
the proof.
O

Notation 3.3.16. Since ideal multiplication commutes, we usually write the
factorization of a an ideal as

— 461 4€1
a=pypy ... P
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with p; distinct prime ideals.

Corollary 3.3.17. Let K be a number field. Then every ideal in O can factored
uniquely into a product of prime ideals.

Proof- We know Ok is a Dedekind domain, so the result follows. ]

Definition 3.3.18. Let R be a Dedekind domain and let a, b be ideals. Then
we define the greatest common divisor gcd and least common multiple lcm as
follows: Let a =[], p;" and b =[], p;*’ then

ged(a, b) = H pznin(m'-,mi) lem(a, b) = H p,rinax(ni,mi).

Here the p; are all different.

Proposition 3.3.19. If R is a Dedekind domain and a,b are ideals. Then
ged(a,b) =a+b

and
lem(a,b) =anb

Proof. Corollary 3.3.14 tells us that division turns into containment for ideals, so
the greatest common divisor of a, b is the smallest ideal containing both a, b
which by definition is a + b.

Similarly, the least common multiple is the largest ideal contained in both of
them, which by definition is a N b. t

Exercise 3.3.20. Show that gecd(a, b) lem(a, b) = ab.

Theorem 3.3.21 (Chinese remainder theorem). Let R be a commutative ring and
let a,b be coprime ideals (i.e, a + b = (1)) then

R/ab >~ R/a x R/b
Proof. Consider the ring homomorphism
¢»:R— R/ax R/b

given by ¢(z) = (z (mod a),z (mod b)). Then the kernel is given by a N b.
Now, since a + b = (1) then

anb=(anb)(a+b)=(anb)(a)+ (anb)(b) C ab.

Moreover, its easy to see ab C aNb, therefore ab = aNb. So we have an injective
ring homomorphism

¢ :R/ab=R/(anb) — R/a x R/b.
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It remains to check it is surjective. Write 1 = a 4 b for a € a,b € b, then for
any (r,s) € R? the element x = as + br € R is such that z = r (mod a) and
x = s (mod b) which gives us subjectivity. O

Remark 3.3.22. By induction one can extend this to the case where we have
several pairwise coprime ideals.

Theorem 3.3.23. Let R be a Dedekind domain and let a be an ideal. Then for any
a € a with o non-zero we can find B € a such that a = (o, f).

Proof. We will find a § such that a = ged((a), (B)) = () + (B8) = («, 5).
Let
a=pyipy’
with p; distinct prime ideals. Then since (o) C a we have (o) C p;

in other words « is divisible by the p'*. Now, let q1,. .., qs be any other prime
ideals dividing () (if any exist). So we have

(@) = [T x [T s

We construct /3 as follows. Take §; € p/"\p.""" and then use the Chinese

remainder theorem 3.3.21 to find 3 € R such that 3 = ; (mod p"™") for

K2

ie{l,...,r}and S =1 (mod q;) for j € {1,...,s}. Note that we can do this,

and the p;, q; are all pairwise distinct so q; + p;

¢ for all 7,

; (1) (as g, is maximal) for
all 7, j and moreover, p; +p.’ = ged(p;?,p;”) which by Definition 3.3.18 is just
(1).

So now, Definition 3.3.18 gives us gcd((«), (8)) =[], »;* = a and therefore
£ € a which finishes the proof.
O

Theorem 3.3.24. A Dedekind domain is a UFD if and only if it is a PID.

Proof- If R is a Dedekind domain that is a PID, then by Proposition 1.2.6 it is a
UFD.

Now, let R be a UFD and assume for contradiction it is not a PID. Then by
Theorem 3.3.15 there must exist at least one non-principal prime ideal, call it p.
Now, let S be the set of ideals a such that ap is principal. By Theorem 3.3.5 S
is non-empty, so we can do the usual trick and find a maximal element, m. Let
mp = (a), we claim o must be irreducible. Assuming this for the moment, if
we take a € p\(a) and b € m\(«) (which we can do in the first case as p is not
principal and in the second by Exercise 3.3.6) then ab € («) but a | ab but a { a
and a1 b which cannot happen in a UFD.

So it remains to prove the claim that « is irreducible. For this we note that if
a = [37y then one of (3) or () would be of the form pb for some b dividing m,
but m is maximal so b = m and therefore one of 3, is a unit. ]
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3.4 Norms of ideals

Definition 3.4.1. Let K be a number field and a C O an ideal. We define the
norm of a to be

N(a) :=|Ok/al.
Why does this deserve to be called norm? Well lets justify this.

Proposition 3.4.2. Let K be a number field and let a,b be ideals in Ok, then
N(ab) = N(a)N(b).

Proof. By factoring each of a, b into prime ideals, it suffices to prove that N (pb) =
N(p)N(b) where p is a prime ideal and b is any proper ideal.
Now, by group theory b/pb is a subgroup of Ok /pb and the quotient is
O /b. This means
|0k /pb| =[Ok /b]|b/pb].

So we need to show |b/pb| = |Of/p|.

Since p # O and (fractional) ideals form a group we have pb # b (otherwise
we could multiply through by b~ giving a contradiction), so let 2z € b\bp. Let us
consider the map

O — b/pb

given by a@ — ax 4 pb. The kernel of this map contains p and the map is non-zero
by our choice of z, so the kernel is an ideal containing p. But p is maximal, so
the kernel must be p. Therefore we have an injective map

Ok /p — b/pb.

Now, to see that this map is also surjective we just note that by unique
factorization, there cannot be any ideals strictly between b and pb. Since
otherwise, we would have bp C ¢ C b which means b | ¢ and b | bp so by
uniqueness of factorization we would have either ¢ = b or ¢ = pb.

Therefore b = (x) + pb giving surjectivity.

O

Lemma 3.4.3. Let K be a number field and a C b C O non-zero ideals. Then
a = b if and only if N(a) = N(b)

Proof- Clearly, if a = b they have the same norm. So lets check the other
direction.
First note that since a C b C Ok, the tower law (which works for groups) gives
us that [Ok : a] = [Ok : b][b : a]. But [Ok : a] = N(a) = N(b) = [Of : b]
therefore [b : a] = 1 giving the result.
O
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Proposition 3.4.4. Let K be a number field and a C Ok an ideal. If N(a) is a
prime, then a is a prime ideal. Conversely, if p is a prime ideal, then N (p) = p’ for
some prime number p and f € Z~,.

Proof. If a is not prime then a = pb with p a prime ideal and b # (1). Then by
Proposition 3.4.2 we have

N(a) = N(p)N(b)

which means N (a) could not have been prime, which is a contradiction.

For the converse we note that since p is prime it is therefore maximal.
Therefore Ok /p is a field, which we know is finite. Moreover, we know every
finite field has size p/ for some prime p and natural number f, which gives the
result. O

Proposition 3.4.5. Let K be a number field. Let o« € O \0O and let (o) denote the
ideal generated by o. Then

[Nisa(@)| =[Ok /().

Proof. Let e4, ..., e, be an integral basis of Ok, then clearly e, ..., ae, is an
integral basis of (). On the other hand, since (o) C O = Z™ we can make
sure to choose the e; such that there exist m; € Z such that mqeq,...,mye, is

an integral basis of («). Alternatively, this follows from the structure theorem for
finitely generated abelian groups. Then

Ok/(a) 2 Z/myZ X -+ X Z]m, 7

and therefore N ((«)) =[], [mul.

Next we need to relate this number to N /g(c) in some way. For this, let us
compare the three bases for K over Q that we have written down: {ey,...,€,},
{miey,...,mue,} and {aeq, ..., ae,}.

Now, lets see look at the diagram summarising the associated change of basis
matrices.

e;—ae;

K— K

e; e m;e;rae;

The top arrow corresponds to the action of A,. The arrow on the left
corresponds to the identity matrix /. The arrow along the bottom corresponds
to a change of basis matrix with is diagonal which diagonal entries m;, lets call
it D. Lastly, whatever the matrix corresponding to the arrow going upwards on
the right is, it represents a change of basis matrix between two integral bases for
(), therefore similarly to what we have seen before, it must correspond to an
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invertible matrix with integer coefficients, which we will denote by N. Note that
this also means, det(N) = £1.

Now, from the diagram it is clear that going along the top of the diagram
is the same as first going down, then right and then up. This means this is a
commutative diagram and therefore we have A, = N DI therefore

N yg(a) = det(A,) = det(N) det(D) det(I) = +det(D) = [ [ m.

Taking absolute values now gives the result. O

Example 3.4.6. Let p be a odd prime, (, a p-th root of unity and A\, =1 — (,.
Let K = Q((p). Then from the proof of Theorem 2.3.2 we know Ng,g(),) = p
and therefore N((\,)) = p which by the above means, (\,) must be a prime
ideal.

Corollary 3.4.7. Let K be a number field, a C Ok an ideal and o € a. Then
a = () if and only if | Ncso @) = N ()

Proof. Since o € a we have () C a. Then by Lemma 3.4.3 and Proposition 3.4.5
gives the result. O

Lemma 3.4.8. Let K be a number field and a C Ok a non-zero ideal. Let
a= N(a). Then a € a.

Proof- Recall that by Lagrange’s Theorem, every element in Ok /a has order at
most a. Therefore, if we look at the element 1 +a € O /a we have a- (1 +a) =
0 + a therefore a € a. O

Remark 3.4.9. We’ve seen something similar in the proof of Proposition 3.2.4.

Corollary 3.4.10. Let K be a number field. Then there are only finitely many ideals
with a given norm.

Proof. If a is an ideal with N(a) = a then by Lemma 3.4.8 we have a € a which
means a | (a). But by uniqueness of factorization, a only has finitely many factors,
which gives the result. O

3.5 Splitting of prime ideals

We now want to understand how prime ideals change as we go up in field
extensions, by which we mean the following: In Z we know that the prime ideals
are all principal and generated by prime numbers, i.e, they are of the form (p)
for p a prime. Now, what happens when we extend our number field? Well if we
now go from (Q, Z) to (Q(v/=5), Z[v/—5]) then lets look at what happens to our
prime ideals. In Z[v/—5], the ideal (2) is no longer prime, since we will see that

(2) = (2,1 +v—=5)?
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where now (2,1 + y/—5) is a prime ideal in Z[\/—5]. (You actually have enough
to check this. You can compute its norm and see that it has norm 2)

Similarly, if we look at the ideal (3) in Z[v/—5], we find that
(3) = (37 I+v _5)(33 I—v _5)

where again each idea on the right is now prime.

Definition 3.5.1. Let K/F be a finite extension of number fields with rings of
integers Ok and Op. If °B is a non-zero prime ideal in Ok and p is a non-zero
prime ideal in OF then we say ‘3 lies over p (or equivalently p lies under ‘B), if
B | pOk. Here pOx denotes the ideal generated by p in Ok.

Proposition 3.5.2. Let K/F be a finite extension of number fields with rings of
integers Ok and Op. If P is a non-zero prime ideal in K and p is a non-zero prime
ideal in F then the following conditions are equivalent:

() B | pOx
2) B O pOxk
B BOyp

4) PNOr=p
@) BNF =p.

Proof. Corollary 3.3.14 gives that (1) and (2) are equivalent. Since B is an ideal,
if it contains p it contains pOy, therefore (2) and (3) are equivalent. Since
P C Ok it follows that (4) and (5) are equivalent.

So it remains to prove (3) and (4) are equivalent. It obvious that (4) = (3)
so we just need the reverse. Note that 8 N1 O contains p and is moreover an
ideal in Op. But now, since every prime ideal in a Dedekind domain is maximal,
p is also maximal and therefore we must have PN O = p or PN O = Op.
But if BN O = Op then 1 € P meaning P = Ok which contradicts it being a
prime ideal. O

Example 3.5.3. If we take F' = Q and K = Q(v/3) then (2,14 \/§) lies above
(2). To see this we just note that (2,1 ++/3)NZ = (2).

Theorem 3.5.4. Let K/ F be a finite extension of number fields with rings of integers
Ok and Op. Then every non-zero prime ideal 3 C O lies over a unique non-zero
prime ideal p C Op.

Conversely, every non-zero prime ideal p C O lies under at least one non-zero
prime ideal P C Ok.
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Proof. For the first part, we claim that 8 N OF is a prime ideal in O (this is
enough as from Proposition 3.5.2 (4) will give us uniqueness). For this, we first
note that since 1 ¢ 3, then ‘F N O wont be the whole ring. Moreover, by the
proof of Proposition 3.2.4 we see that 13 contains Ny, p(a) € Z for all a € P.
Since the norm of a non-zero element is non-zero, and ¥ is non-zero, we get that
P N Z is non-zero and therefore so is P N Op. So P N Op is a proper ideal, so
we just need to prove it is prime. So if 7, s € Op with rs € N Op then s € L,
therefore either r € 3 or s € 3 since ‘P is prime. From this the first part follows.
For the second part, it suffices to look check that pOy # Ok, since in this
case, it will be divisible by some prime ideal, and by definition this prime ideal
would lie over p. So we are reduced to checking 1 € pOg. By Lemma 3.3.4
we can find x € F\OpF such that zp C Op. Then zpOx C OrOk = Of. If
1 € pOk then = € Ok, but then z is in O N F' = O and this an algebraic

integer, contradicting the fact that x € F'\Op.
O]

Definition 3.5.5. Let K/F be a finite extension of number fields with rings of
integers Ok and Op and let p be a non-zero prime ideal in Op. Then

pOk = H‘B?

i=1

We call the e; the ramification indices and if needed we will denote them by e, |p.

Now, let P8 lie over p. Recall that kg := Ok /B and k, := Op/p are both
finite fields, since 33, p are both maximal ideals and by Proposition 3.2.4 we know
the quotient ring is always finite. These are called the residual fields attached
to ‘B and p respectively. Moreover, k, is naturally a subfield of kg (convince
yourself of this). Therefore, ky is a finite extension of k, and [ky : ky) is called
the inertial degree or residue degree of B3 over p, which will be denoted fq;.

Proposition 3.5.6. Let FF C K C L be number fields and p C p C P be prime
ideals in O C O C Op. Then

EBlp = ER|pCp|p

and

Fip = fio foln
Proof- For the f’s this follows easily from the Tower Law 1.3.19. For the €’s the
result is clear. O

Theorem 3.5.7. Let K be a number field with [K : Q] = n and p a prime number.
If p; are the prime ideals in O dividing pOy, then

E :6Pi|PfPi\P =n

%
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with notation as in Definition 3.5.5.

Proof. Let e; := ey,), and f; := f,,|,. By definition we have
POk = pi'p” .. py"

Now, lets take norms on both sides: By Proposition 3.4.5 we have N (pOg) =

|Nk/o(p)| = p"
So we have

p" = H N(ps)©i.

So it remains to show that N (p;) = p/i. For this we note that O /p; is a finite
extension of F, := Z/pZ =: k,, of degree [k, /k,] = fi. Therefore Ok /p; = F/i
(as a vector space) from which it follows that N (p;) = p’. O

Note that we have only defined this for primes p lying above a rational prime
p € Z. But these things make sense in more generality for primes ‘P lying above
a prime ideal p in OF for K/F a finite extension of number fields.

In this case one can again prove that

> expfap = [K : F] (34)
but the proof is a bit more involved. But if we assume the following proposition

(which I wont prove)

Proposition 3.5.8. Let K, F' be a number fields with [K : F| = n. Let a be an
ideal in O and let A = aOy, then

Then 3.4 is easy to prove from this.
Exercise 3.5.9. Using Proposition 3.5.8 prove 3.4.

Theorem 3.5.10 (Dedekind-Kummer). Let K/F be an extension of number fields
and o € Ok a primitive element so that K = F(«).

Let p C Or be a prime ideal and p the prime number such that (p) = p N Z.
Assume that p does not divide the index”

[Ok : Opla]].
Let m, p be the minimal polynomial of o over F' and let

Mo, r € (Op/p)[z]

"Note that here I am thinking of Or[a] as a subgroup of Ok and then [Of : Op[a]] denotes
the size of the quotient group Ox /OF[a].
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be its reduction modulo p. Now, write M, r as a product of powers of irreducible
polynomials (i.e factorize it)

— — e1

Ma,r(z) =M () .. M, ().

Next, let m; € Op|x] be a polynomial whose reduction modulo p is m; and let

B = (p, mi(@)) = pOx + (mi(a)).
Then:
1. The idealsB; are independent of choice of m;. (This is by construction)

2. The*B; are distinct prime ideals and they are precisely the prime ideals of Ok
lying over p. Therefore
pOK =Py ... By
3. fypp = deg(1;) and e; = eqy;jp
Proof. The result will follow from the following three claims:

(o®) Let f; = deg(mm;). For each i, either B, = O or O /P; is a field of size
|Or/pl”.

(#) B, +PB; = Ok whenever i # j.
(@) pOx divides PT' ... Per.

From this we get the result as follows: By relabelling the 13; we can assume

that By, ..., B, # Ok and P4, ..., B, = Ok.

Now, from (&®) it follows that [3;,...,*P, are all prime ideals (since quoti-
enting out by them gives a field). Moreover, by construction they contain p, so
lie above p and fq,, = f; (to see this just look at how the residue degrees are
defined).

Next (4f) tells us that B, ..., B, are all distinct and (@) becomes

pOK [ P P

From this it follows that
POK = PP

with d; < e;. Now, using 3.4 we have
[K : F| = ZS: d;f;
i=1
but on the other hand
deg(ma,r) =K : F| = ieifi.
i=1
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So comparing these gives r = s, d; = e; for all 7.
So lets prove these three claims.

Proof of @®. Note that each 7; is an irreducible polynomial in (Of/p)[z]. So if
we let E := Op/p (which is a field), then M, := E[z|/m; is again a field. We
have a map

Oplz] — M,

given by first reducing modulo p and then modulo ;. This map is clearly
surjective and the kernel is given by the ideal in Op[x] generated by p and m,.
So we have an isomorphism

Or[z]/(p,mi) = M.
Alongside this, note that we have a ring homomorphism

(b : OF[.%] — OK/‘Bz

given by evaluation at « (i.e  — «) and reducing modulo ‘B3;. By definition of
PB; its clear that (p,m;) is in the kernel. But from the above, we know (p,m;) is
a maximal ideal, so ker(¢) is either (p, m;) or Orlzx].

Next, we claim that ¢ is surjective. To show this we need to show that
Ok = Opla] + B;. It turns out that in fact something stronger is true, which
is that O = Or|a] + (p)Ok (note that pOy C ;). To prove this, we need to
make use of the one thing we know, which is that p { [O : Or[«a]]. How do we
use this fact? notice that the index® of Op[a] + pOk in Ok must divide both
of [Ok : Orla]] and [Ok : pOk]. But [Ok : pOk] is some power of p and by
assumption p { [Of : Op[a]], so these indexes are coprime and therefore

Ok : (Orla] + pOk)]| =1 = Ok = Opla] + pOk.

Therefore since ker(¢) is either is either or Op[z], it follows that either
Ok /P = M, (which would be if the kernel is (p,m;) ) or B; = O if the
kernel is Op[z].

O

Proof of . By construction the 7, are distinct irreducible polynomials in E[z].
Therefore for i # j we can find g, h such that m,;g + m;h = 1 (in E[z]). This
mean that we can find g, h € Op[z] such that m;g + m;jh =1 (mod p). If we
now simply evaluate at x = o we see that

m;(a)g(a) + mj(a)h(e) =1 mod p

and therefore
L€ (p,mi(a), m;(a)) =PB; +*B;

“By index I mean the size the of the quotient.
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O
Proof of @. Since B; = (p, m;(«)) it follows that PT* ... P is contained in

(p,mi(@)...m.(a)).

But this means (by Corollary 3.3.14) that B{* . . . B¢ is divisible by (p, mq ()t ... m,.(c)°").
But note that

mi1(a) ... M, (o) =T.(a) =0.

Therefore
mi(a@)...m.(a) =0 mod pOf

thus (p, my(a)t...m,(a)®") = pOg which gives the result.
0

O]

This theorem is really useful for us. It will make it really easy to understand
how prime ideals change as we extend our field. For clarity, lets just see what this
theorem says when our bottom field (F) is simply Q.

Corollary 3.5.11. Let K be a number field of degree n over Q and let o« € O be a
primitive element so that K = Q(«).
Let p be a prime number not dividing Oy : Z|a]] and let

Mo (x) =My () ..., ()"
be the reduction modulo p of the minimal polynomial m,, of . Then in Oy the ideal

(p) factorizes as
(p) =[] ¢
i=1

where p; = (p, m;(a)) and fy,), = deg(m;) and e; = ey, |p.
Definition 3.5.12. Let K be a number field and p a prime number. We say

L. pis ramified in K, if there exists a p|p such that ey, > 1. Otherwise we
say p is unramified.

2. p is totally ramified if there is a p|p such that e,, = [K : Q].

3. pis inert if p is unramified and there exists a unique prime p lying above p

(which will have f,, = [K : Q).

4. pis split if it is unramified and for some p|p we have f,, = 1. If it is
unramified and for all p|p we we have f,, = 1, we say p is totally split.

55



Example 3.5.13. Going back to Z[\/—5], we saw that the ideal (2) is no longer

prime, since we will see that
(2) = (2,1 +V—=5)?

where now (2,1 + 1/—5) is a prime ideal in Z[\/—5]. Therefore (2) is totally
ramified in Z[v/—5].
Similarly, if we look at the ideal (3) in Z[\/—5], we find that

(3) = (3,1 4+ v=5)(3,1 —v/-5)

where again each idea on the right is now prime. So (3) totally splits in Z[\/—5].
Lastly, if we look at (11) we will see that this remains prime in Z[v/—5] and
is therefore inert.

Lets now do some examples:

Example 3.5.14. Let K = Q(+/6) (so here a = 1/6). From Theorem 2.1.11 we
have O = Z[v/6] and therefore [0k : Z[a]] = 1 so Theorem 3.5.10 works for
any prime number. Now, note that m, = z? — 6.

Lets use this to find how the ideal 20 factorizes in Z[v/6]. From now on I
will just denote pO by (p). First step is to reduce m,, modulo 2. Which gives
Ma(x) = 2* = my(z)? (if you cant see why we only have one 7; on the right
hand side, just look back at the theorem and note that the 77; are distinct by
construction).

Next, we need to find some m; (z) whose reduction modulo (2) agrees with
i (z). For this lets just be lazy and take m;(z) = x (this might be a good point
to comeback to and try and convince yourself the the choice of m;(x) wont make
a difference to then end result, i.e. see what happens if we take m,(z) = = + 2).
The theorem then says that

This means (2) ramifies in O.
Ok lets do some more examples. To speed things up here is a table of values
of m,(z) for some small x which is useful for figuring out how m,, factorizes

modulo p.

z | my(z) =2%—6
0 —6

+1 -5

+2 —2

+3 3

+4 10

+5 19
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From this table we see that:

2z?  (mod 3)
(r—=1)(x+1) (mod 5)
(x* —6) (mod 7)

(2> —6) (mod 11)

3

x

[

3

x

3

(x) =
o) =
o) =

(z) =

3

all

From this it follows that:

(3) = p3 (3,\/@2

(5) = psps := (5,V6 — 1)(5,V6 + 1)
(7) =pr (7)

(11) = p1, == (11)

So we see that (3) ramified in O, (5) splits and (7), (11) are inert in Of.

BUT WAIT, THERE’S MORE (insert relevant meme): The theorem tells us
the norm of the ideals p. Specifically, the theorem says that f,, = deg(m;) and
by Theorem 3.5.7 we saw N (p) = p’*l». So, in this case we get

N(pz) =2

N(ps) =3

N(ps) = 5" and N(p}) =5
N(p7) =T

N(pn) =112

We can also use this factorize other ideals in O.

1. Say a is an ideal, then we can first calculate N (a) (which if a is principal
we know how to do, but in general this might be hard) and factorize it.

2. For each prime number p appearing, we then factor (p) in Ok as we did
above.

3. Note that Corollary 3.4.10 tells us that there are only finitely many prime
ideals of norm p, we can find them all by looking at the factorization of

(p)-

4. Next we use Proposition 3.3.14, tells us that p|a if and only if the generators
of p are in a.
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Lets do this for a = (12 + 71/6). To find the norm of this ideal we use
Proposition 3.4.5 this gives

N(a) = |Ngo(12 + 7V6)| = [122 =6 - 7| = 150 = 2 - 3 - 5

From the above calculation we see that p, is the only prime ideal of norm 2
and p3 is the only prime ideal of norm 3 and that we have two ideals of norm 5.
This immediately gives us that there are only 3 ideals of norm 150 and they are

PobsPs  PaPaPy PoPapsps

So we need to check with one of these is a. First we see that since psp; = (5)
and 12 + 7+/6 is not a multiple of 5, it follows it can’t be the one with a psp?
term. Now, note that 12 + 7v/6 = 5 + 7(1 + v/6) therefore its contained in p},
and therefore

a = papapZ.

Example 3.5.15. Lets do a cubic. Let K = Q(«) where « is a root of m,,(z) =
x® 4+ 10z + 1. This is irreducible since it is irreducible in 3 (just check it doesnt
have a root). By Corollary 2.2.26 we have that

A({1, o, a?}) = —4027

which is a prime number, in particular it is square-free, so this is an integral basis
by Corollary 2.2.9. So Ok = Z[a]. So we can freely apply Theorem 3.5.10.
Lets see how some prime split in K:
We have
Mo(r) = (x+ 1) (2 +x+1) mod 2,

therefore
(2) = paph = (2,0 + 1)(2,0° + o+ 1).

Thus (2) is unramified, and the residue degrees are f,,» = 1 and foy2 = 2.
Lets look at (29). Here we see that

Ma(z) = (x+5)(z —3)(x —2) mod 29
meaning
(29) = p20Prghae = (29,0 +5)(29, a — 3)(29, 0 — 2).

Thus (29) is also unramified and in particular it is totally split. So the residue
degrees are all 1.
Lastly, lets look at (4027). Here we see

Ma(r) = (z + 2215)*(x + 3624) mod 4027
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therefore
(4027) = p2orPloer = (4027, o + 2215)%(4027, o + 3624).

Thus (4027) is ramified. ey, 1007 = 2, €p/psl4027 = 1 and the residue degrees
are all 1.

Proposition 3.5.16. Let K be a number field and o € O a primitive element with
me, Eisenstein at p. Then we have

(r) = pi
with p = (p, ).

Proof- If « is Eisenstein at p then % has no element of order p by Lemma 2.2.21
and therefore the index [Ox : Z[a]] is coprime to p. So we can apply Theorem
3.5.10 which, since m,, is Eisenstein at p, gives M, (z) = x5*U, from which the
result follows. O

Lets see what this tells us for quadratic extensions:

Note that if n is a square-free integer, then in Q(y/n) there are three pos-
sibilities for how primes decompose (this follows from Theorem 3.5.7). These
being

p?, fop =1
P)=9p  fop=2 (3-5)
P’ Sop = fop =1
Theorem 3.5.17. Let n be a square-free integer, K := Q(\/n) and p a prime number.

& Ifp|n then (p) = (p,vn).
@ Ifn is odd then

(2,1++/n)%, if n=3 (mod4) (3.6
(2) = <2, ! +2\/ﬁ) (2, ! _2\/5) if n=1 (mod8) (3.7)
(2) if n=5 (mod8) (3.8)

& Ifpisodd and p 1t n, then

B { (pa+vVn)(p,a—+/n) if n=a> (modp)  (3.9)
=1 ) i (2)=-1 (3.10)

Moreover, in (3.7) and (3.9) the ideals appearing are distinct.
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Proof- We will defer the proof that the ideals in (3.7) and (3.9) are distinct to
Corollary 3.6.12.

For #&, note that (p,/n)? = (p?, py/n, n), which if p | n is contained in (p).
Conversely, (p?, p\/n,n) contains the GCD of p* and n, which is p, so we get
(p) C (p, /n)?, therefore we get the equality we are after.

We will split the rest of proof into two cases, which together give the result.
The first is if n = 2,3 (mod 4) and the second if n = 1 (mod 4).

From Theorem 2.1.11 we know that if n = 2,3 (mod 4) then Ox = Z[\/n].
In this case Theorem 3.5.10 (using @ = v/n and m, = 2> — n) gives &and (3.6)
(which is the only one that applies in this case).

Now, we look at the case n =1 (mod 4). In this case, Theorem 2.1.11 tells us
that O = Z[#] Note that this means the index [Of : Z[v/n]] = 2 but p is
odd, so it doesn’t divide this index. So Theorem 3.5.10 gives &.

So, we are left with (3.7) and (3.8) of @. Here we cannot apply Theorem
3.5.10. So lets assume n =1 (mod 8), then

(14 (21557) < (a1 vit v 5.

Now, since each of these generators is divisible by 2, we get that
1 1—
(150 (510

Conversely, (4,1 —/n,1+ /n,15) contains the ged(4,1 — y/n) = 2 which

4

gives the reverse inclusion.

Finally, lets assume n = 5 (mod 8). In this case lets consider Ok /(2). By
Theorem 3.5.7 its enough to show that O /(2) is a field not isomorphic to Z/27Z
(since this means the residue degree is 2 and therefore, since we are in a quadratic
field, it must be inert). To show they are not isomorphic, consider

1—n

— 2
me(x) =2° —x+ 1

By construction, this has a root in Ok and therefore has a root in O /(2) (just
reduce your root modulo 2). On the other hand, since n =5 (mod 8) we have
me(z) =2 + 2 + 1 (mod 2) which by Exercise 1.2.19 we know is irreducible in
Z/27Z and therefore has no root in Z/27Z. So O /(2) is an extension of F, by a
root of 2 + = + 1, so its a field, which also goes by the name F.

O

Remark 3.5.18. Using this theorem together with the quadratic reciprocity law,
which says
0))-v=
q p
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(with p, ¢ primes) we can easily find how primes decompose in quadratic exten-
sions.

3.6 Embeddings and prime ideals

Lets now look at how embeddings interact with prime ideals. We begin with a
definition you may have seen in your Galois theory course.

Definition 3.6.1. Let K/ F be an extension of number fields. We say K is normal
over F' every embedding o : K — C which fixes F' has image again in K. In
other words the embedding o is an automorphism o : K — K which fixes the
elements of F.

In particular, if K = F'(«) and K contains all of the conjugates of «, then K
is normal.

Example 3.6.2. Let K = Q(v/2) and F = Q. Then since each embedding that
fixes Q sends v/2 to one of £1/2 € K, we see that K is normal.

Non-example 3.6.3. If K = Q(+/2) then this is not normal, since one of the
embeddings will send 2 to Cg{‘ﬁ (where (3 is a non-trivial cube root of unity)
which is a complex number and therefore not contained in K.

Proposition 3.6.4. Let K/F be a finite extension of number fields. Then there is a
finite extension L/ K such that L/F is normal as is L/ K.

Proof If K = F(«), then just set L = F(ay,qq,...,q,) where «; are the
conjugates of a. O

Notation 3.6.5. If K/F is a normal extension, a C Oy is an ideal and o is an
embedding of K fixing F' (which in particular is an automorphism). Then we let
o(a) be the ideal in K generated by the images of the elements of a under o.

Furthermore, we let Gal(/X/F') denote the set of embeddings of K which fix
F'. Since K/F is normal, this can be made into a group by using composition as
our group operation, i.e. 01,09 € Gal(K/F') we let (0102)(x) = 01(02(x)). By
Proposition 1.5.8 there are only [K : F| such embeddings, so this group has size
[K : F] and is known as the Galois group.

Theorem 3.6.6. Let K/F be a normal extension of number fields. Let p be a prime
ideal in O and P,*P’ be two prime ideals of O above p. Then o(°P) is again a
prime ideal lying over p, moreover there is some element o € Gal(K/F), such that

o(B) =P

Proof. Let G := Gal(K/F). Note that since P is a prime ideal O /B is a
integral domain. Now, apply o to this quotient. Since 0(Ox) = Ok (as K/F is
normal) we get

Ok /B = Ok /o(B)
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and therefore o (J3) is again a prime ideal. Moreover, since 8 N O = p (this is
what lying above means) and o fixes F' we see that o(3) N O = p.

Now, suppose that o(*) # P’ for all 0 € G. Then we can use the Chinese
remainder theorem 3.3.21 to find some o« € Ok such that

a=0 mod P

and

a=1 mod o(B)

forall o0 € G.
Now,

Nir(a) = [[ ola) e B' N0 =p.

ceG

On the other hand « ¢ o(*P) by construction, and therefore o~ (a) & 3. But

we have
Nisr(e) = [ ola)= [ o (o).

oelG o~ le@

This gives us a contradiction, since we have just seen that the left hand side is in
p. But the right hand is not contained in 3 since o' (a) & B, but p C P.
O

Corollary 3.6.7. Let K/F be a normal extension of number fields and let 3 and
P’ be two primes lying above the prime p. Then

eplp = eprp S = eqp

Proof Lets start by factoring p in Ok. We have

pOK _ Hmj‘ﬁihﬂ.

3

Now, by Theorem 3.6.6, if we apply o to this equation we get
POk = o(p)Ox = [ [ o(Pi)»t

but then by the fact that for any ¢, j we can find o such that *B; = o(*B;) and
uniqueness of factorization, we get that

ER;lp = €Pylp

which gives the first part of the result.
For the second part, we note that by the proof of Theorem 3.6.6 we have seen
that

OK/S:B = km = kg(qg) = OK/O'((,B)
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from which the result follows. OJ

Corollary 3.6.8. Let n be an integer and (,, an n-th root of unity. Let K = Q((,)
and p a prime number. Then

(p) = (P1p2-- - p,)°

where p,; are the primes of Ok over p, which moreover all have the same inertial
degree.

Proof- This follows from Corollary 3.6.7 by noting that K is a normal extension.
O

Next we have a theorem that tells us about which primes will ramify in an
extension.

Theorem 3.6.9. Let p be a prime number and K a number field. If p is ramified in
Ok then p | A(Ok).

Proof. Let p be a prime ideal in Ok over p such that ey, > 1. Then we can write
(p) = pa where a is an ideal divisible by all prime ideals in Ok which are above
D.

Now, let a4, ..., o, be a integral basis for O. Since a properly contains (p)
we can find some « € a\(p). Then writing

a=aqm;+- -+ a,m,

with m; € Z we see that since a ¢ (p), one of the m; must not be divisible by p.
So after relabelling, we can assume p { m;. Now, similar to Proposition 2.2.4 we
have that

Ala,ag, ... ) =miA(ay, ..., a,) = mIA(Ok).

Since p { m4 its enough to show that p | A(a, o, ..., a,).

Now, let 04, ..., 0, denote the embeddings of K into C. Let L be a finite
extension of K such that L /Q is normal (which we can do by Proposition 3.6.4).
Let G := Gal(L/Q). Then the elements of G are just the embeddings of L
extending the embeddings of K (if you dont remember what this means go to
Definition 1.5.5)

Since « is contained in g, its contained in every prime ideal in Ok over p.
It follows that « is also in every prime ideal 3 in O}, containing p, since each
such prime contains p and B N Ok = p is again a prime ideal which contains p,
hence p lies over p and therefore contains a. Fix 3 a prime ideal of O, over p.
Then we claim that for any o € G, o(a) € B. To see this note that ! () is
again a prime ideal in Oy, over p and thus contains «. In particular, o;(a) € P
for all 7. Therefore, by Proposition 2.2.16 A(«, as, ..., ®,) € B. But since the
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discriminant is an integer, we have A(q, s, ..., ) € PBPNZ = pZ and therefore
p divides the discriminant.

O

Corollary 3.6.10. Let K be a number field with K = Q(«) for o a primitive
element and let | € Z[x]| be any monic polynomial such that f(o) = 0. If p is a
prime number such that p { Nk ,o(f' (o)) then p is unramified.

Proof. Since every monic polynomial with « as a root is divisible by m,, (see
Proposition 1.3.10), its enough to check this for m,. But then Proposition 2.2.19
gives the result. O

Corollary 3.6.11. There are only finitely many primes of Z which ramify in a number
field K.

Corollary 3.6.12. In (3.7) and (3.9) of Theorem 3.5.17 the ideals appearing are
distinct.

Proof. Using Exercise 2.2.28 and Theorem 3.6.9 we see that since in each case
the prime does not divide the discriminant, the prime cannot be ramified and
therefore the ideals are distinct. O

Going back to the cyclotomic example, one can determine the ramification
and the inertial degree completely in this case.

Theorem 3.6.13 (Decomposition theorem for cyclotomic fields). Let n be a positive
integer and (,, an n-th root of unity. Let K = Q((,,) and p a prime number. Write
n = p"m with pt m and set ¢ = p(p*) (where p is Euler’s Totient function). Lastly,
let | be the (multiplicative) order of p modulo m.

Then

(p) = (pp2---p,)°

(so e = ey, |p) and moreover f = fy.|p.

Proof- We start by letting o = (" and = C”k. So « is a p*-th root of unity and
B is a m-th root of unity. We will prove the theorem by seeing how (p) factorizes
in Q(«) and in Q(f3) and then combining the result.

Lemma 3.6.14. With the above notation. In Q(«) we have

(h) = (1 = )"
with (1 — «) a prime ideal.

Proof. First note that [Q(a) : Q] = ¢(p”) since this is the degree of the p”
cyclotomic polynomial (See Lemma 2.3.1).

Next, from Exercise 2.3.6 we have p = u(1 — a)w(pk), this tells us that (as
ideals in Z[«])

(h) = (1= )"0,
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Theorem 3.5.7 then gives the result.
O

Lemma 3.6.15. In Q(3), p is unramified and for each p over p, we have f,, = f.

Proof. Using Corollary 3.6.10 with f(z) = 2™ — 1, we need to check if p divides
m O No) 0 (8™ 7).

But ptm and [ is a unit, so its norm is {£1} therefore p is unramified.
So in Z[f3] we have

(p) =p1...ps

Moreover, since Q(3)/Q is normal we know that fy, |, = fy.|,- So let p := p;. Its
enough to check that f,, = f (where f is as above- the multiplicative order of p
modulo m).

Let F, := Z[f]/p. First, recall that f,, = [F, : F,]. So f,, = h for some h.
We want to show that h = f. We will do this in two steps, by first showing h > f
and then h < f.

(h > f): Let B denote the image of 3 in F,. We will first show that (3 has
order m in [F,. Assume for contradiction this is not the case, then Bm/l =1
(mod p) (i.e. p | (8™ — 1)) for some prime factor [ of m. Now, 5™/! is an [-th
root of unity. Then, by Exercise 2.3.6 we see that 5™/ — 1 divides [ and [ is a
factor of m. Thus p | m. This gives a contradiction as p | p and ged(m, p) = 1.

So 3 has order m in F,. By Lagrange’s theorem this means m | N(p) — 1
and note that since p is a prime ideal over p, we have N (p) = p". Thus p" =1
(mod m). But the order of p modulo m is f, so we have h > f.

(h < f): Since p/ =1 (mod m) it follows that ,Bpf = (3. Now, note that

(z+y)” =2 +y” mod pz[s].
This means that for all v € Z[3] we have
7' =~ mod pZ[f]
(also using FLT). Now since (p) C p we see that
7 =7 (mod p).

Therefore every non-zero element of IF,, is a root of A Now, since we are
in a field, any polynomial of degree d has at most d roots. This polynomial has
p" roots (as this is the size of F,) therefore p" < p/ = h < f. This gives the
result.

O]

Lets now put these two lemmas together and finish proving the theorem.
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Lemma 3.6.14 and Theorem 3.5.7 tells us that
ea-allp* fa-mp =€ 1=[Q(e) : Q] = (p")
Similarly, Lemma 3.6.15 gives
s epp - fopp=s5-1-f=[Q(B) : Q] = p(m)

Now, if 3; denote the prime ideals of Z[(,] over p, then we know that

> ewnfri = Q) 1 Q) = ¢(n) = (" )p(m)

Lastly, using Proposition 3.5.6 together with

[Q(¢) - Q)][Q(a) : Q] = [Q(¢) : Qf = [Q(¢) : QAQ(B) : Q]

gives
s-e- f=[Q(G): Q)

from which the result follows.

O

This theorem is sometimes called the cyclotomic reciprocity law, since it
allows us to quickly find out how primes factor in cyclotomic fields, just like
quadratic reciprocity is used for quadratic fields. For general number fields, we
know of no such simple description.

Example 3.6.16. Lets use this theorem to see how primes factorize in Q((;).

p mod 5 | Order of p mod m | Factorization of (p) Norms
0 - (p) = p" N(p) =p
1 1 (p) = p1p2bsps N(pi)=p
2 4 (p) N((p) =p'
3 4 (p) N((p)) = p*
4 2 (P) = p1p2 N(p:) = p*

We can use this to say things about how primes factor in extensions of Q((;).
For example, in Q((55) we see that

(11) = (p1papspa) '’

Exercise 3.6.17. Describe the factorization of the following ideals into prime

ideals in Q((s5):
(13)  (14) (5
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Exercise 3.6.18. Let (; be a 7-th root of unity and K = Q({;). Complete
the following table describing the decomposition of ideals (p) (with p a prime
number) in O.

p mod 7 | Order of p mod m | Factorization of (p) | Norms

| =W N+~ O
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Chapter 4

The ideal class group

Recall that in a number field K, a principal fractional ideal is a fractional ideal
of the form (z) = {zyly € Ok} for x € K. For example, principal ideals are
principal fractional ideals. Note that furthermore, if (x) and (y) are two principal
fractional ideals, then (z)(y) = (xy) is also a fractional ideal and moreover,
(x)(z~') = Ok. Thus the set of principal fractional ideals forms a subgroup of
Jk (the group of fractional ideal as defined in Proposition 3.3.11). Let Py denote
the subgroup of principal fractional ideals.

Definition 4.0.1. The class group of K is defined to be quotient group

Ik

Clg = —.
K= P

Its elements are called ideal classes. If a is a fractional ideal, we let [a] denote its
class in Clg. We let hy denote the size of Cly (which we will see below is finite),
this is called the class number of K.

Remark. Note that in the class group, the identity element is given by the class
of principal fractional ideals, which we denote by [1] or [(1)].
Furthermore, note that if @ and b are fractional ideals then

means that there is some principal fractional ideal («) such that a = (a)b. So as
a SET [a] = {(x)a | x € K}.

Note that, Ok is a PID if and only if Clg is trivial. Moreover, since a
Dedekind domain is a PID if and only if its a UFD, this means that O is a UFD
if and only if Clg is trivial. So Clx can be thought of measuring how far O is
from being a UFD.

Theorem 4.0.2. Let K be a number field. Then Cly is finite.
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To prove this theorem we will make use of the following result, which we will
prove later.

Theorem 4.0.3. Let K be a number field with 11 real embeddings and ry conjugate
pairs of complex embeddings. Let [K : Q| = n and let a be an ideal of Ok. Then
there is an element a € a such that

n!
[Nk/gla)] < —

(2) 1a@n1 )

n ™

Definition 4.0.4. The quantity :—,‘1 (%)7-2 |A(Ok)|*? is known as the Minkowski
bound and we will denote it by M.

Now, we have:

Proposition 4.0.5. Let K be a number field and let C' be an ideal class in Clg.
Then C contains an ideal a in O such that

N(a) < Mg.

Proof: Consider the class C~!. This has a representative which is an ideal b of
Ok. By Theorem 4.0.3 there is an = € b such that |[Ng g(z)| < MxN(b).

Set a = b~*(z). Then this is in the same class as C since its a multiple of b~*
by a principal ideal (). Moreover, since z € b it follows that b~ (z) C Ok (recall
that b= = {y € K|yb C Ok} ), so a is a proper ideal. Now by construction

N
_ i@l _

V=N =

which gives the result. O

Proof of Theorem 4.0.2. By Proposition 4.0.5 each ideal class C' in Clgx must
contain an ideal of norm at most M. Now Corollary 3.4.10 implies there are
only finitely many such ideals. So there are only finitely many ideal classes. [

4.1 Computing class groups

The proof of Theorem 4.0.3 will require some work, so lets first convince ourselves
that this theorem is worth all the work. In particular, lets see how we can use it
to compute some class groups

Example 4.1.1. Let i = y/—1. Lets look at K = Q(7). Using Proposition 2.2.19
we see that A(Of) = —4. Moreover, K has no real embeddings, so 7 = 0 and
ro = 1. Putting this together we get

2 \7

2l /4 4
My <> Vi == ~1273.
i
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Theorem 4.0.3 tells us that each ideal class contains an ideal of norm < 1. But
the only ideal of norm 1 is the trivial ideal. So Cly is trivial. If follows that
Ok = Z][i] is a PID.

Exercise 4.1.2. Show thatifd € {—1,-2,-3,-7,—-11,—19,—43, —67, —163}
then Q(v/d) has trivial class group and is thus a PID.

Example 4.13. Let K = Q(v/—5). From Theorem 2.1.11 we know that Ox =
Z[\/—5]. Here again we have r; = 0, r, = 1 and A(Og) = —20. Therefore

T2

My = 2 (i)ﬁzx/S(Tr<3

This means every class contains an ideal of norm 1 or 2. We know the trivial
ideal has norm 1, so lets look at what ideal has norm 2. As we saw in the proof
of Corollary 3.4.10, its enough to look at what prime ideals divide 2. By Theorem
3.5.17 we have

(2) = (2,1+ V=5)*

and therefore p, := (2,1 + /—5) is the unique ideal of norm 2.

So, this means the class group Cli has either 1 or 2 elements, depending
of whether or not these two ideals are in the same class, i.e., if [1] = [ps]. In
other words, is p» a principal ideal (since principal ideals are the things which [1]
consists of). If it where principal, then Proposition 3.4.5 would mean that there is
some element in Ok of norm £2. Now

Ngjo(z + yv=>5) = 2% + 5y?

and its easy to see that this is never equal to 2. So p, is not principal and
therefore

Cli = {[1], [p2]}

so Clg is cyclic of order 2.
Example 4.1.4. Let K = Q(v/—31). In this case by Theorem 2.1.11 we have
Ok = Z[a] where o = =31 n = [K : Q] = 2 and r; = 0,75 = 1. Lastly,
Exercise 2.2.28 gives A(Og) = —31. This means My = 2+/31 < 4.

So we need to find the ideals of norm less than 4. Using Theorem 3.5.17 gives

1++v-31 —v—=31
2 2

(2) = pov) = (2, 2L
with py # p), both of which have norm 2. Moreover, we see that (3) is inert in
K, so has norm 9.

So the ideals of norm < 4 are (1), po, p,. We know p, # p, but this does
NOT mean we have [ps] # [p5]. We need to see whether or not this is the case.
We know that pop’, = (2) which means we have [p,][p5] = [(2)] = [1] so we have

[p2] = [p5]~". Therefore if we had [py] = [p}] this would mean that [py]? = [1]
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which means that p, would have to be principal. Can this happen? Assume this
is the case, then we have p3 = (3) for some 3 € O (its in O and not K since
po is a ideal in Ok not a fractional ideal). Now, we know that N (py) = 2 (this
follows from Corollary 3.5.11). This would mean § has norm 4. Note that the
norm of an arbitrary element in O is

Ngjo(z +ya) = 2° + zy + 8y* x,y € Z.

Therefore we need to check if this can be equal to 4. Clearly this can happen,
and moreover it can only happen if £ = £2 and y = 0. This would mean that
we have 8 = 2 and therefore

but we know that
(2) = pap}

therefore, by uniqueness of factorization and the fact that p, # p’, we see that p3
cant be principal and therefore [po] # [p5].

It remains to check if [py] = [1] or [p5] = [1]. Similar to what we did above,
we now need to see if there is some element of norm +2.

So the question is, can we find x, y which make x? + zy + 8y? this equal to
2. The first thing to note is that N g(z + ya) > Ty?, (to see this, note that
x? + zy + y* > 0) so we are going to need y = 0. This means we would need
x? = 2 which cant happen, therefore [py] # [1] # [p5]. Thus we have

Clg = {[1]’ [p2]a [p;]}

so its cyclic of order 3. From this we can deduce that [p2] = [p}] and [p3] = [1]
(i.e. p3 is principal). Lets finish off by writing down the multiplication table for
the group:

(1] [p2]  [p3]
[ | 1] [pa]  [p3]
o] | [p2]  [P3] [1]
W3] [ [p3] [ [ps]

Example 4.1.5. Lets look at K = Q(3/7) and let & = +/7. The minimal
polynomial is clearly z® — 7 which has discriminant —1323 = —33 - 7%. Next, lets
check that O = Z[+/7]. For this we need to check if any of

ro0? + 100 + T or Y20 + Yo + Yo
3 7

can be algebraic integers for 0 < z; < 2, 0 < y; < 6. Since the minimal
polynomial is clearly Eisenstein at 7 we know from Lemma 2.2.21 that we only
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need to worry about 3. Here is a trick: note that
(x+7)° -7

is Eisenstein at 3 and at 7 so if 3 is one of its roots, then Z[3] = O where
K' = Q(B), but Q(a) = Q(B) and Z[a] = Z[B]. Therefore O = Z[V/7].

Knowing this means we can freely use Theorem 3.5.10. Now, lets calculate
the Minkowski bound. In this case n = 3, A(Og) = —1323, and 7, = r, = 1.
Putting this together we get

:§ ™ 3

' [4
Mg 5 (> V1323 = 56v/3 ~ 10.3

So we need to find all ideals of norm at most 10. So lets factor the ideals
given by 2, 3,5, 7 using Theorem 3.5.10.

e 2® —7T=(x—1)(2>+2+1) mod 2
e 2* —7=(x—1)° mod 3

e 2’ —T7T=(x—3)(2*+3zx—1) mod 5
e 2 —T7=2% mod 7

From this we deduce

By Theorem 3.5.7 we know that N (p;) = p’»il? so if we calculate the residue
degrees, we will know the norms of these ideals. But again Theorem 3.5.10 tells
us that this is exactly the degrees of the polynomials appearing on the right hand
side of each factorization modulo p. So combining this we have:
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So by combining these ideals we can construct any ideal of norm at most 10.
The next question is are these ideals distinct in Clg? Lets see if any of them are
principal:

Clearly, (7) = («)? is principal so this gives the trivial class in the class group.
Note that since (2) = pop’, we have [p,]~! = [p}].

So lets look at the other ideals.

Note that

Nijo(z +ya + za®) = 2° + Ty® + 492° — 21zyz.

So, do we have elements of norm 2,3 or 5?7 We'll from the above we see that the
norm of an element must be a cube modulo 7. But the only cubes modulo 7 are
£1. So there are no elements of norm 2, 3, 5. So these ideals are not principal.
So Clg is generated by ps, p3, Ps.

The next question is, do these ideals give distinct classes in Clg? First note
that p3 = (3) therefore [p;] has order 3 in Clk (since we already know its not
trivial). Note that N /(2 + V/7) = 15 and Ng/o(—1 + V/7) = 6.

Therefore, since we only have one prime ideal of norm 2,3 and 5 we must
have

(2+\3f7):p3135 (—1+\3f7)=p3p2

thus [ps][ps] = [1] and [po][ps] = [1] giving [ps] = [ps] ™ = [p2]. Thus Cl is
generated by [ps] and is therefore cyclic of order 3. The multiplication table is
then

(1] [ps]  [p3]
(1| (1] [ps]  [p3]
[bs] | [ps] [p3] [1]
w3l | [p3] (1] [ps]

Roughly, the steps for computing a class group of a number field K are as as
follows:

Algorithm 41.6. 1. Find the ring of integers O and the discriminant A(Ok)
(as defined in Definition 2.2.14 ). As we have seen in the problem sheet, in

many cases (but not all) we can calculate the discriminant using Theorem
2.2.25.

2. Find how many real 7; and complex conjugate 72 embeddings our number
field K has. To do this, you need to write down the embeddings (all [K : Q]
of them) and see how many of them are real or complex. How do you do
this quickly? If K = Q(«) then look at the conjugates of . With this 7,
will be the number of conjugates of « that are real numbers and r, will be
half the number conjugates that are complex.
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3. Compute the Minkowski bound

| "2
My =2 <4> INCARE

n" \mw
where n = [K : Q.

4. Find all ideals of norm < | M |. To do this, look at all the primes p less
than | My | and factor the ideal (p) in Ok using Corollary 3.5.11, or if
we are in a quadratic field, use Theorem 3.5.17 which makes things really
quick.

5. After doing this you will have a list of prime ideals p; all with norm
< | Mk]. The next step is to see if any of them are trivial in the class
group. This means, we need to check if [p;,] = [1], in other words is p;
principal?® How does one do this? Well if p; was principal, it would be
generated by an element /3 such that |Ng,q(5)] = N((5)) = N(p;). Now
check if this gives a contradiction by looking at the possibilities for the
norm of (.

6. After this we now have a possibly smaller list of prime ideals, all of which
we know are not principal. The next question is to check if they are distinct

from one another. In other words, if [p] = [q]. In general this might be
difficult, but in the examples above, we have seen some tricks how to do
this.

7. Once this is all done, we have our final set of generators, and by this point
we know the size of the group and it should be easy to write down the
multiplication table for the class group.

*Warning: Just because Corollary 3.5.11 says p; = (p, something) doesn’t mean this ideal can’t
be principal.
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Chapter 5

Solving Diophantine equations

Now, one of the big problems we have is that in general Ok isn’t a unique
factorization domain, but in the cases when it is, we can use this to solve
Diophantine equations. For example, consider

=y +2.

Lets try and find its integer solutions, without using any of the machinery we
have developed. This will serve as an example going forwards.
To do this, lets factorize this equation in the ring Z[v/—2] which is a UFD.

We then get
2= (y+V-2)(y - V-2).

Next, we see that the factors on the right hand side must be coprime: any
common factor would be a factor of 2/—2, meaning that z is even, so z? is
divisible by 8. But y? + 2 is never a multiple of 4 so this cannot happen. So, up
to a unit we have

Yy + v 2= iﬁdv
since —1 is a cube, wlog we take the + sign. If we let 8 = u 4 vy/—2 then

Y+ V=2=u*+ 3U2U\/j2 — 6uv? — 2v3\/TZ.
Now, lets equate coefficients, to get
y = u® — 6uv? 1 = 3u’v — 20°.
This implies that v|1, so v = £1, which in turn means
y=u’—6u 1=03u®-2).

Again the second equation implies ©w = £1 and v = 1, which we can use to see
that y = £5. Therefore the solutions are (x,y) = (3,5) or (3, —5).
In order to go further, lets recall the following results form the problem sheets:
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Lemma 5.0.1. Let K be a number field and o, f € Ok. If (o) = () then there is
u € O such that o = uf.

Lemma 5.0.2. Let R be a Dedekind domain and a, b, ¢ ideals such that

ab = ¢?

and suppose a, b are coprime. Then there exist ideals ¢, 0 such that
a=¢  b=0" =
Using this we can prove the following:

Example 5.0.3. Lets find all the integral solutions to z® = y* + 74 assuming
that hx = 10 where K = Q(+/—74). The trick here is to factor this expression
in O = Z[v/—T74], but before that, note the following:

Assume x,y € Z are solutions. First thing to note is that ¥ cannot be even,
since this would mean z is even. But then z° — y?> = 0 (mod 4) but 4 1 74. So
z,y must be odd. Similarly, we see that x, y must be coprime, since if p divides
both then p? divided x® — y* = 74 but 74 is square-free.

Now lets look at the ideals. We have

(2)° = (y — V=-T4)(y + V-T4)

as ideals. Now, are the two ideals on the right hand side coprime?
If p divided them both, we would have

y—+v—T4=0 modp y++vV—74=0 modp

and therefore p divides their sum, so p|(2y). Looking at the other side of the
equation, we see that p|(z). We know z is odd, so p cannot divide (2) (if it
did, then we would have (z) = pya where a is some ideal and p3 = (2) (as can
be seen from Theorem 3.5.11), but this means N(p;) = 2 which would mean
N((z)) = |Nk/o(z)| = 2? is even, which can’t happen as z is odd). So we have
p | (y) and p|(z) but we know z, y are coprime (as integers, which means their
ideals are also coprime). Therefore we cannot have a p dividing both factors on
the right, so they are coprime.

Now, using Lemma 5.0.2 we must have (y —+/—74) = a® and (y +/—74) =
b3 with ab = (z). Note this means [a®] = [1] = [b*]. But note the class group has
size 10 so we cant have ideal classes of order 3. Therefore a, b are principal. So
let a = (a + b/—T74).

Then we have
(y — V—T74) = (a + b/ —T74)>.

Using Lemma 5.0.1 and Exercise 3.1.5 we see that up to =1 we have
y —V—T4d=0a’+3a’bv/—T4 — 3 - T4b’a — b*T4V/ - T4.
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Equating each side we have
y = a® — 3b*a74 3a’b — b*74 = —1.

The second equation implies b | —1 and therefore b = +1. This then gives
a = £5. Substituting, it then follows that y = £985 and x = 99 are the only
solutions.

Example 5.0.4. Lets do another example. Lets show that 2* = y* 4+ 5 has no
integral solutions. We saw in Example 4.1.3 that the class group in this case has
size 2.

Now, as we did before, lets start by assuming x,y are integer solutions to
this equation. If x was even then y* + 5 = 0 mod 4 which would make —1 a
square modulo 4 which can’t happen, so x cannot be even. Similarly, z, y must
be coprime since if p divided both of them, p?|(z*® — y?) meaning p? | 5 which is
a contradiction.

Ok, with this done, lets now factor this in O as ideals where K = Q(v/—5).

We have
(z)° = (y = V=5)(y +V-5).

Next, lets see if the terms on the right are coprime. If a prime ideal p divided
both of them, then p would divide their sum (2y) so p | (2y). Looking at the left
of the equation we see p divides (z) and therefore as in the previous example,
since z is odd, we cant have p dividing (2). But then p | (v) and p | (z) but this
also cant happen as z, y are coprime.

So, using Lemma 5.0.2 we see that we must have a® = (y — /=5) and
63 = (y + v/—5) for some ideals a, b. Now, if we think of what the class group
having size 2 says, it means that in particular, we cannot have any non-principal
ideals whose cube is principal, since this would give an element of order 3 in the
class group. Therefore, both a and b must be themselves principal.

So lets just look as a = a + by/—5. We must have
(4t 5B = (s — V5)
which means there is some unit v € O such that
u(a+bv/=5)* =y - V=5
now as elements, ot just ideals. Since O = {£1} as we saw in sheet 6, wlog we

(a+bV/=5)>=y—V-5

(since —1 is a cube). If we expand out we get
a® + 3a*byv/—5 — 15b%a — b*5v/—5 =y — v/—b.

Now, equating each side we have y = a® — 15ab* and —1 = 3a*b — 5b°. The

can assume
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second equation tells us b | —1 so b = 1. If we now, substitute this back into
the first equation we get —1 = 3a* — 5 which has no solution for a € Z. So
z® = y* + 5 has no integer solutions.

Exercise 5.0.5. Find all integer solutions to z* = y? + 13. (You will need to fist
compute a class group for this)
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Chapter 6

Geometry of numbers

NON-EXAMINABLE CHAPTER
In this chapter we will develop the machinery necessary for proving Theorem
4.0.3.

Definition 6.0.1. A lattice A C R" is a subgroup (under addition) generated by
n linearly independent vectors.

Remark 6.0.2. If A is a lattice in R" then
A=Ze @ ---DZe,

where e; are linearly independent vectors over R, i.e. there does not exist r; € R
such that ), 7;e; = 0. So its not enough that the e, be independent over Q, so
(1,0) and (7,0) do not generate a lattice in R?.

Definition 6.0.3. If A C R" is a lattice generated by e; then

P(A):{xER"|$:Zriei,0§m< 1}

is called the fundamental domain of A.

Note that if we A € A and let P(A) + A = {z + X |z € P(A)} then

R" = J P(A) + X

AEA

Lemma 6.0.4. Let A C R™ be a lattice. Then the volume of P(A) does not depend
on the choice of basis of A. Moreover, if {e;} is the basis, then

Vol(P(A)) = | det(ey, ez, ..., e,)]

(here the right hand side is the determinant of the matrix whose columns are given by
the e;).
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Proof. The second statement is just linear algebra, so we will only prove the first.
Let f; denote a second basis of A and let M(e;), M(f;) denote the matrices
whose columns are given by e; and f; respectively. Then

M(e;) = M(fi)A
where A is a n X n matrix with entries in Z. Similarly ,
M(f;) = M(e;)B.

Therefore,

M(e;) = M(e;)BA

Now, since M (e;), M(f;) are non-degenerate we have BA = I and therefore
det(A) = £1. O

Lemma 6.0.5. Let S C R™ be a measurable set (i.e. Vol(S) = | [ --- [(dxy - dx,|
exists) and A is a lattice. Then if Vol(S) > Vol(P(A)) then there exist x,y € S
with © # y such that x —y € A.

Furthermore, if S is compact, then the same conclusion holds if Vol(S) >
Vol(P(A)).

Proof. We begin by writing

R" = U (P(A)+X) (as a disjoint union)

AEA

therefore

S=R"NS = U (P(A)+M)NS (as a disjoint union).

AEA

From this it follows that

Vol(S5) = Y Vol (P(A) + X)) S) = > Vol (P(A)) N (S — A)).

AEA AEA

Now, if P(A) N (S — A) are all disjoint, then the sum their volume is <
Vol(P(A)) contradicting our assumption that Vol(S) > Vol(P(A)). Therefore
two of these sets meet, say P(A) N (S — A) and P(A) N (S — p) (with A # p)
and therefore we have some x — A =y — pgivingz —y =\ —p € A.

For the second part, if S is now compact with Vol(S) > Vol(P(A)). Then
let S’ = (1 + €)S such that Vol(S”) > Vol(P(A)). Then by the above, we can
find z,y € S’ such that x — y € A. Let A. denote the set of such z,y.

Note that if ¢ < € then A C A.. Therefore N.~oA. # (). So let A € NcsoA..
We claim that A\ = x — y for some z,y € S. Take € = 1/n and write A = z,, — y,,
with z,,,y, € (1 + 1/n)S (which we can do by the first part). Since z,,,y, € 25
for all n and 2S5 is compact. So (z,,y,) form a sequence in a compact set, so
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there is a subsequence that converges to a point (x,y). Since z,,y, € (1+1/n)S
we have € ((1+1/n)S = S and similarly y € S. Since A = z,, — y,, for all n

we see that in the limit A = z — y which then gives the result.
O

Definition 6.0.6. A subset S C R" is called:

1. Convex if whenever z,y € S then the line segment joining = and y is also
contained in S.

2. Centrally symmetric if whenever x € S then —x € S.
Lemma 6.0.7 (Minkowski’s convex body lemma). Let S be a compact, convex and
centrally symmetric subset of R"™ and A a lattice. If
Vol(S) > 2" Vol(P(A))

then S contains a point of A.
Proof. Consider the set
1 1
55—{§x|x65}.
Then Vol(35) > Vol(P(A)). So by Lemma 6.0.5 there exist z,y € 1.5 such that
x —y € A. We claim that z — y € S.

Note that 2z, 2y € S. Now, since S is centrally symmetric, we have —2y € S.
Furthermore, since S is convex,

1

Thusz —y € S. O

Let now apply this to number theory. Let K be a number field with [K :
Q] = n. Then we have n embeddings of KX < C and in fact if we let 7; be the
number of real embeddings and 7, the number of complex conjugate embeddings
then we have:

Definition 6.0.8. Let K be a number field with r; real embeddings and 7,
complex conjugate pairs of embeddings, then the canonical embedding is

O: K —R"x(C? = R"

given by
z=(o1(z), ..., 00 (), 00 4+1(2), ..., Op 1y (X))
= (0'1(33), <oy Oy (l’), §RO-T1+1(:L')’ %JT1+1 (x)a ) §RO‘MJH“Q ($))7 E\50-7“1+1(l')

where the first r; of the o, are the real embeddings then rest are the complex
ones and R, § denote real and imaginary parts.
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Example 6.0.9. 1 Let K = Q(v/—d) with d a square-free positive integer.
Then the embedding is given by sending x + yv/—d to

(z,yvV/—d) € R%.

2. If K = Q(+/d) with d a square-free positive integer. Then the embedding
is given by sending x + yv/d to

(z +yVd,z —yVd) € R2

Proposition 6.0.10. Let K be a number field with [K : Q] =n and © : K — R"
is canonical embedding. Then O(Ox) is a lattice in R™ and if P = P(©(Of)) then

Vol(P) =27"2/|A(Ok)|

where o is the number of complex conjugate pairs of embeddings.
Furthermore, if a C Ok is an ideal, then A, := O(a) is a sublattice of © (O ).
Moreover,
Vol(P(Aq)) = 27"/ [A(Ok )| N(a)

Proof- Let {e;} be an integral basis of Ok. Then

We want to compute
|det(M(©))| := | det(O(ey1),...,0O(en))]|-
By definition
O(e:) = (oules), - - ovy (€:), Ropy a(ed), Sovysi(ea), - ROy 1y (1)), S0 41 (e0)) T

Now, note that

1 1
Ro,, 41(e;) = §<0r1+1(€i)+5r1+1(€¢)> Qo t1(e;) = ﬁ(arﬁl(ei)_ﬁrﬁl(ei))-

Using this we have

J1(61) Ul(en)

. B 1 279 . Oy .(el) . Ory te")
| det(M(O))] = <2) W (yia(er) + Trga(€)) - (Orsr(en) + Trps(en)
(UT1+1(61) - ET1+1(61)) e <0T1+1(€7L> - 5,«1_;,_1(6”))
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Doing simple row operations we can transform this into

oi(er) e o1(en)
2 (O’,.1+1(61) + 67'1-&-1(61)) e (07'1+1(€n) + 67'1+1(6n))
20r1+1(61) e 20T1+1(en)
and then to

o1(er) oi(ey)
1\" o ‘(61) w0 &e)
- det B T1 . T1 n

<2> Ori(er) o Trpa(en))

ori(er) -0 orpalen)

Notice the power of 1/2 has changed. But now, if we look back at Proposition
2.2.16 we see that this is simply

972 /JA(Or)].

Lets now look at the sublattice A,. Note that as additive abelian groups we
have Ok = Z" and a is a subgroup of index N (a). Since © is injective we have
A, is a subgroup of O(Ok) of index N (a). From this it follows that

P(Aq) = N(a)P(6(Ox))

(compare this with the proof of Proposition 3.4.5) from which the result follows.
O

Lemma 6.0.11. Let S; C R™ x C™2 = R" be a subset given by points (y;, z;) €
R"™ x C" such that
Sl )zl <t
i J

Then S is compact, convex and centrally symmetric and moreover

- 2Mt™ s

Vol(S) = (Z)” .

n!

Proof. S is closed and bounded and therefore is compact. S is also clearly
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symmetric. For A € (0, 1) we have

D w4 (1= Nyl +2) Az + (1= N2 <O Pl 4 1= Nyil + 2> [zl + (1= )2
[ J 7 7

— Al + (=N Dl A I+ (=) DLl

J J

<A+(1-N)=1

From this it follows that .S is also convex.
Note that if 7; = 1 and 7 then S = [, ¢] which has volume (in this case

length) 2. Similarly, if 7, = 0 and 75 = 1 then S is just a ball in C of radius ; so

has volume (in this case area) ’%2. We will prove the formula for the volume by
induction on (ry,75).

Assume we know the formula for (71, 73). Lets look at the (r; + 1,73) case.
Here the set is given by points such that

r1+1

T2

Syl +2) gyl <1

i=1 j=1

which can be rewritten as
1 72
> lyil +2) Izl <t -1yl
i=1 j=1

where y = vy, +1. This set has volume

1 1
2r1tn T\ "2 27’1tn T\ 72 2r1+1tn+1 T\ T2
R 1 N N R L
/0 nl (4) (t=lyhdy === (7) | t=v)"dy === {7

A slightly more involved, yet still elementary proof gives the (r1, 72 + 1) and
thus the result. O

Finally, with this we can finally prove Theorem 4.0.3

Theorem. Let K be a number field with ry real embeddings and ro conjugate pairs
of complex embeddings. Let [K : Q] = n and let a be an ideal of O. Then there is
an element a € a such that

Nesola)] < ™ (4) AN ()

ntoA\m
Proof. Let S; be as in Lemma 6.0.11 and pick ¢ such that

Vol(S,) = 2" Vol(P(Aq))
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i.e. such that
" =2"""1r 20l /|A(O)|N(a) ()

Then by Lemma 6.0.7 there is an a € a such that O(a) € S;. Then we have

1 r1+72
INksola)l = [[loi@)] ] loj(a)P
i=1 j=r1+1

(here we use Proposition 1.7.6). Now, using the arithmetic-geometric mean

1
"zl...zng—g 2
n =
K3

for z; positive real numbers, we have

1 71 9 r1+r2 n i
[Nijo(a)l < <nz loi(a)| + - Z aj(a)|> <=
i=1 .

j=ri1+1

inequality

by definition of S;. Using (%) then gives the result.
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