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Abstract

We use results by Chenevier and Hansen to interpolate the classical Jacquet-Langlands
correspondence for Hilbert modular forms, which gives an extension of Chenevier’s results
to totally real fields. From this, in the case of totally real fields of even degree, we
obtain isomorphisms between eigenvarieties attached to Hilbert modular forms and those
attached to modular forms on a totally definite quaternion algebra. More generally, for
any field and quaternion algebra, we get closed immersions between certain eigenvarieties
associated to overconvergent cohomology groups.

Using this, we compute slopes of Hilbert modular forms near the centre and
near the boundary of the weight space and prove a lower bound on the Newton polygon
associated to the U, operator. Near the boundary of the weight space we give some
evidence that the slopes are “generated” from the slopes in parallel weight 2 and state a

conjecture on the structure of slopes.



Introduction

History

The idea of modular forms living in p-adic families began with Serre [Ser73] who consid-
ered p-adic limits of compatible families of g-expansions of modular forms. This was the
starting point for a vast theory. The work of Serre was then formalized by Katz [Kat73],
who reformulated these ideas into a more geometric context and showed that the p-adic
families were in fact part of a wider range of p-adic objects. After this, Dwork studied the
action of the U), operator on these spaces and showed it is a compact operator, thus giving
us a way to study these spaces in much more detail. Then Hida, in a series of papers in
the 1980’s, showed that the space of p-ordinary eigenforms (which means that their U,
eigenvalue is a p-adic unit) of weight £ > 3 has rank depending only on £ modulo p — 1
(or 2 for p = 2). From this it follows that these p-ordinary modular forms naturally live in
p-adic families. This was then extended by Coleman-Mazur and Buzzard [CM98, Buz(7]
to finite slope eigenforms (which means the U, eigenvalue is not 0), by constructing
geometric objects which they called eigencurves or more generally eigenvarieties. These
are rigid analytic varieties which parametrize all such modular forms of a fixed level and
their points correspond to systems of Hecke eigenvalues of finite slope overconvergent
modular forms. In [Buz07], Buzzard creates an eigenvariety machine, which can be used
to construct eigenvarieties by inputting a weight space and some suitable Banach modules
together with an action of a Hecke algebra. Using this, Ash-Stevens [AS97], Hansen
[Hanl7] and Urban [Urbll] (among others) have used overconvergent cohomology groups
to construct eigenvarieties associated to a large class of reductive groups. Eigenvarieties
have many applications such as in the proof of the Fontaine-Mazur conjecture for GLo.
Moreover, understanding their geometry can give insights into parity conjectures for

Selmer groups associated to modular forms (cf. [PX14]).



p-adic Langlands functoriality

Using the more general constructions of eigenvarieties given by [Buz07], it is possible to
construct eigenvarieties associated to spaces of modular forms on a quaternion algebra
D (so called quaternionic modular forms) and one can then study their relationship
to eigenvarieties associated to spaces of modular forms (on GL3). With this in mind,
we recall that the classical Jacquet-Langlands correspondence tells us (roughly) that the
classical spaces of quaternionic modular forms S (IN) of weight k and level NV on a
quaternion algebra D are isomorphic as Hecke modules to the spaces S)™"(N9) of
0-new modular forms for GLy, where D has discriminant 0 . One can then ask if this
extends to families of modular forms, i.e., if we can use this to relate the eigenvariety
Zp coming from these quaternionic modular forms to the eigenvariety Z¢gr,, coming
from the usual spaces of modular forms . Over Q, this was answered by Chenevier in
[Che05], who showed that there is a closed immersion Zp — Z¢r,, which interpolates
the classical Jacquet-Langlands correspondence'. This result is an instance of what is
now called p-adic Langlands functoriality. Other examples of this can be found in work of
Hansen [Hanl7] and Ludwig [Ludl4].

Going back to the result of Chenevier, if one picks D/Q to be a definite quaternion
algebra, then the spaces of overconvergent quaternionic modular forms are of a combina-
torial nature due to their much simpler geometry. This means that, if one is interested in
computing the action of the U, operator on the space of overconvergent modular forms,
then one can reduce to computing on spaces of overconvergent quaternionic modular
forms. This is the strategy used in [LWX14, WXZ14]. Our first goal is to extend the results

of Chenevier to a totally real field F'. In particular, we have the following theorem:

Theorem. Let D/F be a totally definite quaternion algebra of discriminant ® defined over
a totally real field F'. Let p be a rational (unramified) prime and w an integral ideal of F
such that p t nd and (n,0) = 1. Let Zp(np) be the eigenvariety of level np attached to
quaternionic modular forms on D. Similarly, let Z1.,(n0p) denote the eigenvariety associated
to cuspidal Hilbert modular forms of level WOp (with the associated moduli problem for this
level being representable) as constructed in [AIP16b].

Then there is a closed immersion .p : Zp(np) — 2L, (WOp) which interpolates the
classical_Jacquet-Langlands correspondence. Moreover, when [F : Q] is even, one can choose D

with 0 =1 so that the above is an isomorphism between the corresponding eigenvarieties.

More generally, for any quaternion algebra D and sufficiently small level (see

Definition 1.3.6) np, we construct (following [Hanl7]) eigenvarieties .77 (np) associated to

'In general Chenevier proves that one gets a isomorphism onto the 9-new ‘part’ of the eigenvariety.



overconvergent cohomology groups H*(Yp(np), £(Z),.,)), where Yp(np) is a Shimura
variety associated to D and L£(Z),,,) is a local system on Yp(np), where &) is a
distribution module (see Chapter 5 for the relevant definitions) . In this case, we use

results of Hansen in [Hanl7] to prove:

Theorem. Let D be any quaternion algebra of discriminant d and np a sufficiently small level.
Let 71 (np), #e(np) be the eigenvarieties associated to overconvergent cohomology groups for
Resp (D) and G = Respq(GLz) respectively. Then there is a closed immersion

Hp(np)® — Hi(npd)

interpolating the classical Jacquet-Langlands correspondence. Here 71 (np)° denotes the core
of the eigenvariety 7¢p(np) (see Definition 2.5.8).

Slopes of Hilbert modular forms

Our second goal is to use the overconvergent Jacquet-Langlands correspondence to study
the p-adic valuation of the U, eigenvalues (called the slopes). In the case of modular
forms over QQ this question has received a lot of attention recently, with a focus on
studying slopes of overconvergent modular forms as they move in p-adic families. To
make this more precise, consider the Iwasawa algebra A = Z,[Z,’] and let W be the
associated rigid analytic space, which is called the weight space. Elements of WW(C,) are
identified with continuous homomorphisms Z,; — CJ, which are called weights. If we
write Z, = H x (1 + qZ;,) where H is the torsion subgroup and where ¢ = p if p is odd
and ¢ = 4 for p = 2, then taking a primitive Dirichlet character ¢ modulo p’ and the
character z* of 1 + qZy, sending z +— 2F for k € Z, we get an element of the weight space

k are called algebraic and weights of the form z¥1)

given by 2%1). The weights of the form z
are called arithmetic. If we now take 7 a fixed topological generator of 1 + ¢Z,, and let
w(k) = k() — 1 for k a weight, then the algebraic weights are in the region of the weight
space such that val,(w(x)) > 1 (for p odd) called the centre, and the arithmetic weights
Zk1p (for 4 sufficiently ramified at p) are on the boundary where val,(w(k)) < zﬁ (again
for p odd?). The reason we make such a distinction is that the behaviour of the slopes
of the U, operator acting on weight x modular forms depends on where in the weight
space  lives, as we shall see later. Lastly, we note that W = |—|x W, where the x run
over characters of H and W, is the corresponding component of the weight space.
Over Q, the behaviour of the slopes of U, was first studied by Gouvéa-Mazur in

[GM92] where they conjectured that if k1, k2 are large enough with k1 = k2 mod p"™(p—1)

For p = 2 the centre is where vala(—) > 3 and the boundary where vala(—) < 3.



for n > « for some rational number «, then the dimension of the space of modular
forms of weight k1 and slope « should be the same as that of weight k> and slope a.
Inspired by this, Buzzard, Calegari, Jacobs, Kilford and Roe (among others) computed
and studied slopes of modular forms for weights both in the centre and boundary of the
weight space. In particular, in [Buz05], Buzzard computed slopes in many cases and was
able to make precise conjectures about their behaviour. Very little is known about the
slopes near the centre of weight space and the geometry of the eigenvariety is expected to
be more complicated. Results about slopes in this case can be found in [BC05, BP16b]. In
particular, Bergdall-Pollack have constructed a ‘ghost series’ which conjecturally explains
much of the behaviour of the slopes both near the centre and boundary of the weight
space.

Near the boundary Buzzard-Kilford, Jacobs and Roe were among the first to give
evidence that the sequence of slopes appear as a union of arithmetic sequences with same
common difference. This then implies that over the boundary of the weight space the
eigenvariety looks like a countable union of annuli. For p = 2,3 and trivial tame level
this was proven by Buzzard-Kilford and Roe in [BK05, Roel4|. For more details on the
precise conjectures and their implications, see [BG16]. More generally, the recent work
of Liu-Wan-Xiao and Wan-Xiao-Zhang in [LWXI14, WXZ14] have proven similar results
by working with quaternion algebras and using Chenevier’s results mentioned above. In
particular, they have defined ‘integral models’ for these spaces of modular forms and from
this shown that over the boundary of weight space the eigenvariety associated to a totally
definite quaternion algebra over (Q is the disjoint union of countably many annuli. The
existence and construction of these integral models is a very active area of research (see
for example [AIP18, AIP16a, BP16a, BP16b, BG16, JN16]). Understanding the geometry of
eigenvarieties has many number theoretical applications; for example Pottharst and Xiao
in [PX14] have recently reduced the parity conjecture of Selmer ranks for modular forms
to a similar statement about the geometry of the eigenvariety.

In general, for overconvergent modular forms over Q we have the following
conjecture (which can be found in [LWX14, BP16a]) for the behaviour of the Newton
polygon of U,

Conjecture. (Folklore) For k a weight, let s1(k), s2(K), ... denote the slopes of the Newton
polygon of U, acting on the spaces of overconvergent modular forms of weight v and fixed level.
Let NP, (U,) be the Newton polygon of det(1 — X Up). Then there exists an v > 0 depending
only on the component W, of the weight space containing k, such that

(a) Fork € Wy, with0 < val,(w(k)) < r, NP.(U,) depends only on val,(w(k)). Moreover,
Sfor weights in this component, the break points of the Newton polygon are independent of k.



(b) The sequence {s;(r)/ val,(w(k))} is a finite union of arithmetic progressions (after possi-
bly removing a finite number of terms), which is independent of k. for 0 < val,(w(k)) < r.

(c) Assuming (a) above, the set of slopes s;(k) are given by

U (Sseed+i : |I;’|> )

=0

where Sgeeq s a fixed finite set’, which only depends on the number of cusps of Xo(M)
(with M the tame level) and the classical slopes in weight 2 at different components of the

weight space.*

Our goal here is to give computational evidence for a similar structure to the
slopes of overconvergent Hilbert modular forms (in particular part (c¢) above) and prove a
lower bound for the Newton polygon of U,,. We compute explicit examples of sequences of
slopes of the U, operator by using the overconvergent Jacquet-Langlands correspondence.
Throughout, we work with arithmetic weights both in the centre and boundary of the
weight space. The reason we only do this for arithmetic weights is for simplicity and these
results can most certainly be extended to any weight.

Our computations show that, for k near the boundary of the weight space (see
Definition 3.4.12), the slopes of classical Hilbert modular forms in weight x are generated
analogously to part (c) above. In particular, our computations show that in some cases
the slopes are not given as a union of arithmetic progressions. Moreover, the reason for
which the slopes for modular forms over Q are in arithmetic progression is due to the
simpler nature of the U, operator in this case (specifically the way in which is it compact
(cf. 8.3.3)).

Our methods also allow us to compute finite approximations U,(N, k) to the
infinite matrix of U, acting on overconvergent Hilbert modular forms of weight x. In
this case, since the U, operator is compact, one can prove there exists a function
f 1 Z>o — Z>¢ (see Warning 8.0.2 for an explicit lower bound of this function) such that
if the size of our approximation matrix is NV x N, then the first f(/N) smallest slopes of
Up(N, k) coincide with the first f(/V) smallest slopes of overconvergent Hilbert modular
forms of weight . Unfortunately, the best bounds on f that we have grow very slowly
as IV increases; this means that, in practice, to prove that all of the approximated slopes

we have computed are in fact slopes of overconvergent Hilbert modular forms (which we

%Here the notation is such that if S is a set of slopes and i € Z, then we let S + ¢ denote the set, where
we add 4 to each slope in S.
*This was shown to follow from (a) by Bergdall-Pollack in [BP16a].



expect is the case), our N needs to be much larger than we can currently compute with.”

Our computations do however have much of the (conjectural) structure that one
has over (Q; meaning there is evidence that the overconvergent slopes can be ‘generated’
by slopes appearing in the classical spaces of Hilbert modular forms of (parallel) weight 2
analogous to what one sees over QQ (e.g. part (c) of the conjecture above). See Conjecture

8.3.1. As an example of the computations we have done, we have the following:

Example (Split case). Let F = Q(v/13), p

pus ¢ of conductor 9. Then we have the following sequence of approximated slopes of

= 3 (which is split), level Up(9) and nebenty-

Up (here (and throughout) we write (s, m) for the slope s together with the multiplicity

m with which it appears. The size corresponds to the size of our approximation matrix

Up(N, K)).

Weight Size Slopes

[4,4]1 | 20-12 | (0,1), (1,2), (2,4), (3,4), (4,6), (5,10), (6,7), (7,6), (15/2,2),
(8,12), (17/2,2), (9,5),(c0, 144)

[4,4]y | 30-12 [ (0,1), (1/2,2), (1,8), (3/2,6), (2,16), (5/2,10), (3,24),
(7/2 14), (4,32), (9/2,18), (5,40), (11/2,22), (6, 48), (13/2,26),
(7,50), (15/2,18), (8,19), (17/2,4), (9,2)

Observation. (a) Looking at these computations we see that near the centre of the
weight space, where the character is trivial (1), the slopes are ‘almost’ in arithmetic
progression apart from a few entries, but there is little structure to the multiplicities.
Moreover, in this case, since the wild level is large, we see that we get lots of forms of

infinite slope, as is expected.

If we now pick 1) to be a character of conductor 9, and consider weight [4, 4]1), then
the sequence of approximated slopes appears as the union of arithmetic progressions
with common difference 1/2. Moreover, we see that the multiplicities with which the
slopes appear is increasing, which is something that cannot happen (in many cases)
for modular forms over Q by the work of [LWXI4|. In Chapter 8 we give some insight
as to why we see this phenomenon and observe some structure of the slopes similar
to that in [BP16a]. Lastly, we will see that the computations indicate that these slopes
(once appropriately normalized) only depend on which component of the weight
space the weight lies (and possibly on how close to the boundary of the weight space

we are).

SFor example, in some of our computations, we would need our approximation matrix to have N ~ 10°,
although computations suggest that, in this case, we only need N ~ 480, but we cannot at this time prove
this much stronger bound.



Since we are in the split case, we have that U, = Uy, Uy, where Uy, are commuting
Hecke operators, therefore one can study the slopes of Uy, acting on classical spaces of
Hilbert modular forms in order to understand the classical slopes of U,,. To this end we

have the following table listing classical slopes of U, Uy, , Up,.

Operator | Weight | Classical Slopes
Up 2,29 | (0,1), (1/2,2), (1,6), (3/2,2), (2,1)
UlJl [ 72]1/) ( ) )’ (1/276)’ (1?3)
UPQ [ ’Q]w ( ) )’ (1/276)’ (173)
Up [4,2¢ [ (0, 1), (1/2,2), (1,7), (3/2,4), (2,8), (5/2,4), (3,7), (7/2,2),
(4,1)
Un, [4,2]y | (0,3), (1/2,6), (1,6), (3/2,6), (2,6), (5/2,6), (3,3)
UP2 [47 2]¢ (079)’ (1/27 18)) (179)

In these cases one can write the slopes of U, as a pair (\y,, \p,) where ), is a
slope of Up, and A\, = Ay, + Ay, is the corresponding slope of U,. This can be represented

pictorially as:

Weight [2,2] Weight [4,2]
EER it SRt R S e
SECRR N (R CR I
ISUSCI C C R CY
S 0" ye 1 32 9 52 3

where the axes represent the slopes of Uy, and the numbers on the grid are the multiplicity
with which the pair of slopes appears as a slope of U,,. These computations suggest that,
not only are the slopes of U, given as unions of arithmetic progressions, but that the
above pictures have a precise structure independent of the weight. See Section 8.1 for
more details and conjectures.

In the overconvergent case, we run into the problem that the action of U, on
S,QAU) is not compact, so one cannot directly compute their slopes (apart from the slopes
of classical forms). To get around this, in Subsection 8.1.5 we describe two methods of

computing overconvergent slopes of U, and give some examples.

Example (Inert case). Let F = Q(v/5), p = 2 (which is inert) level 8py; (where p1q | 11)
and a primitive Hecke character 1) of conductor 8. Then we have the following sequence

of approximated slopes (with the same notation as above):



Level Weight | Size | Slopes

Uo(8p11) | [4,4]y | 24-16 | (2/3,6), (1,4),(4/3,6), (3/2,8), (2, 16), (5/2, 16),

(8/3,6), (3, 20), (10/3, 6), (7/2, 16), (11/3, 12), (4,

24), (13/3, 12), (9/2, 24), (14/3, 6), (5, 36), (16/3,

6), (11/2, 24), (17/3, 12), (6, 24), (19/3, 12), (13/2,

16), (20/3, 6), (7,20 ), (22/3, 6), (15/2, 16), (8, 16),

(17/2,8)

Uo(2p11) | [4:4]1 | 200 | (2,8), (4, 1), (5, 4), (16/3, 6), (6, 6), (7, 2), (8, 7),
(17/2, 12), (9, 4), (10, 21), (11, 2), (12, 6), (25/2,

1), (13, 6 ), (27/2, 4), (14, 3 ), (15, 22), (16, 8 ),
(33/2, 4), (17, 13 ), (35/2, 24), (18, 21 ), (19, 6 ),
(39/2, 2), (20,3 ), (21, 1)

Observation. (a) Here again we see that the approximated slopes are in arithmetic

progression and again the multiplicities are increasing. We note here that in the
example computed above, not all the arithmetic progressions have the same difference,
which again is something that has not been observed in the case of modular forms
over (Q and again, by [LWXI4], cannot happen in many cases. Lastly, as in the
previous example, we will see in Chapter 8 that computations suggest that these
slopes (once normalized) only depend on which component of the weight space the

weight lives. See Conjecture 8.3.1.

(b) To contrast, we also compute slopes near the centre at a low level. Here we see much
less structure and that many slopes are not integers. We note also that that 2 is

Uo(p11)-irregular (cf. Section 8.4 ).

For D totally definite with Disc(D) = 1 and U a sufficiently small level, let i be
the number of points® in the corresponding Shimura variety Y (U), (which is finite by
Proposition 1.3.5). In Chapter 7, we will show that the U}, operator naturally has the form
of an infinite block matrix whose blocks have size h x h. Furthermore, we will see that
the entries of the block matrices lying on the diagonal of U), are given (up to a p-power
factor) by uniformly continuous functions. Using this, we will give a criterion (which can
be checked in finite time’) such that the submatrix of U, given by deleting the lower
diagonal blocks has slopes matching the computed slopes of U,,.

Remark. In all the cases we have computed, one conjectures (cf. Conjecture 8.3.1) that

the slopes near the boundary can be generated by an algorithm whose only input is

SIf we let S’ (U) denote the space of weight [2, 2] modular forms on D including the space of elements
that factor through the reduced norm map (these correspond to Eisenstein series, see [DV13, Definition 3.7])
then h = dim (S5 (U)).

7Although, in our case, the check would take too long to finish, so we only check on a small subset.



the number of cusps and the slopes appearing in weight [2, 2]1)7" for 7 the Teichmiiller

character, which is analogous to the folklore conjecture above for modular forms over Q.

Remark. Our computations near the boundary, for a fixed field F' and prime p, are
limited to only changing the algebraic part of the weight and not the finite part, which
means val,(w(k)) (which is defined in 3.4.12) is always fixed. The reason for this is that
changing val,(w(k)) requires working with more ramified characters and levels, which

translates into much larger matrices.

In Section 8.4, we also collect some computations of slopes for weight lying on the
centre of the weight space (i.e. with trivial character). In this setting, we observe that near
the centre the slopes are no longer given by unions of arithmetic progressions and that
there is a more complicated structure to the slopes, which is analogous to the behaviour
of modular forms over Q.

Lastly, we prove a lower bound for the Newton polygon of U, on overconvergent
Hilbert modular forms over a real quadratic field (although this can easily be adapted for

more general totally real fields of even degree).

Proposition. Let D/F be totally definite with® = 1 and let U be a sufficiently small level.
Let h be the class number of (D,U) (as defined in 1.3.3) and let K be any arithmetic weight.
Then the Newton Polygon of the action of U, on overconvergent Hilbert modular forms of level
U weight k lies above the polygon with vertices

(0,0), (h,0), (3h,2R), .., (i(” Dh (i=1)ili+ 1)h>

2 7 3
Remark. Note this this is simply the polygon with h slopes 0, 2h slopes 1, 3h slopes 2

and so on.

10



Notation

We collect here some of the most used notations throughout.

()

(4)

(°)

Let F be a totally real field of degree g with ring of integers O and let 9 denote
the different ideal of F'. Let X be the set of all places of ' and X, C X the set of all
infinite places of F.

For each finite place v of F, let I (or F}, for p the corresponding prime ideal) denote
the completion of F' with respect to v and O, the ring of integers of . For an integral
ideal n, let I}, = @vln F, and similarly let O, = @
pOr =TI, pi, then let O, = @, Oy, = Or ®Z,,

vin Oy. In particular, if we have

Let p be a rational prime which, unless otherwise stated, will be unramified in F'. Let
%, be the set of primes/places dividing p in F'. For each p € ¥,,, we let 7, denote a
chosen (and fixed throughout) uniformizer of F} (the completion at F' at p).

Let Ap denote the adeles of /" and A ; the finite adeles. In the case /' = QQ we drop
the subscript F'

For a fractional ideal t, let t™ denote the totally positive elements in t, and in general
‘4> will denote ‘totally positive’. Moreover, let t* denote t’lbl_;l. (Note that this means

we have a pairing Trrp/q : v X t* — Z).

Let Q denote the algebraic closure of Q inside C and we fix an algebraic closure @p
of Q,. Furthermore, we fix embeddings inc : Q — Cand mep : Q- @p, which allow

us to think of the elements of Q as both complex and p-adic numbers.

Let L be a complete extension of (Q,,, which contains the compositum of the images of
F under ¢ oy, for v € ¥ where ¢ : C 5 @p such that ¢ o inc = inc, and ¢, is the

field embedding of F' into C given by v.

Let D be a quaternion algebra over I and let Gp = Resp/g(D™) (we will sometimes
abuse notation and denote this simply by D). When D = Mj(F') we denote this
simply as GG. Let T" denote a fixed maximal torus of Gp and T = Resp,. /7 G-

1



Part I

Background
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In this expository section, we recall definitions of the classical spaces of modular
forms attached to a quaternion algebra over a totally real field, together with some
background on the construction of eigenvarieties.

We begin with some general background of quaternion algebras and then (following
Hida) define the relevant spaces of modular forms. We then state the classical Jacquet-
Langlands correspondence which will be essential later on. We also review some of the
elements used in the construction of eigenvarieties together with some of their properties.
Lastly, we state Chenevier’s Interpolation Theorem which will be used to relate different

eigenvarieties.

13



Chapter 1

Classical background

11 Quaternion algebras

In this section we give a short introduction to quaternion algebras, including some

classification results. These results are all classical and can be found in many places (see
for example [Vig80]).

Definition 1.1.1. Let K be a field. A quaternion algebra over K is a K-algebra D, such
that:

(a) the centre of D is exactly k&
(b) the dimension of D as a vector space over K is 4;

(c) D has no non-trivial 2-sided ideals.

Example 1.1.2. Let K be a field of characteristic different from 2 and let {4, j, k} be such
that i = a,j? = b,ij = k = —ji for a,b € K*. A simple check shows that this defines

a quaternion algebra, which we will denote by (‘}?)

Proposition 1.1.3. If Char(K) # 2, then any quaternion algebra can be written as (%’f)
for some a,b € K*.

Proof. See [Vig80, Chapter I ]. O

Example 1.1.4. If we take K = R, then we have M3(R) = (%) and the Hamilton

quaternions H = <_115&_1). Moreover, one can show that up to isomorphism these are the

only quaternion algebras over R.

14



Definition 1.1.5. We say that a quaternion algebra over a field K is split, if it is isomorphic
to My(K), otherwise we say it is ramified. Furthermore, if L/ K is a field extension, then
D ®k L is a quaternion algebra over L and if this new quaternion algebra over L is split

then we say that L splits D.

Proposition 1.1.6. If a € K* is a square, then (‘IKb) = My(K).

Proof Let a = o2, then the map i (8‘ 0 ), j (2(1]), k — (_%a‘é‘) extends

—

K-linearly to give an isomorphism. O

Corollary 1.1.7. If K is an algebraically closed field, then the only quaternion algebra (up to
isomorphism) is Mo(K).

In general, with slightly more work, one can prove the following:

Proposition 1.1.8. If K is a finite extension of Q,, then there is a unique (up to isomorphism)

division quaternion algebra.
Proof. See [Vig80, Chapter II, Theorem L1]. O

Definition 1.1.9. If D is a quaternion algebra then there is a conjugation map =z — Z.
Using this, one defines the reduced norm nrd : D — F* by nrd(z) = xz. Explicitly, for
D = (al;b> and o = u + vi +wj + zj € D, we have! nrd(a) = u? — av? — bw? + abz?.

Definition 1.1.10. Let K be a number field and let D be a quaternion algebra over K.
Let K, be the completion of K at a place v and let D, = D ® K,. Then this new
quaternion algebra can be split, in which case we say that D is split at v, otherwise we say
D is ramified at v. Let Ram(D) denote the set of places at which D is ramified.

Definition 1.1.11. The discriminant Disc(D) of a quaternion algebra is the product of the
finite primes’ in Ram(D).

Theorem 1.1.12. Let D, Ram(D) and K be as above, then:

(1) The set Ram(D) is finite and has an even number of elements, none of which is complex.

(2) For any set S of places of K not containing the complex places and having an even number
of elements, then there is exactly one quaternion algebra (up to isomorphism) D /K with
Ram(D) = S.

! When our quaternion algebra is M2 (F) the reduced norm map is just the determinant map.
2Some authors also include the infinite places, but we do not follow this convention.
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Proof. The proof of (1) comes down to using the product formula for Hilbert symbols, but
(2) we requires a little more work. Both these results can be deduced from [Wei74, XIII.3,
Theorem 2 and XIII.6, Theorem 4]. O

Definition 1.1.13. We say a quaternion algebra D/Q is definite if co € Ram(D). In
general, for a quaternion algebra D over a totally real field F', we say that D is totally
definite if it ramifies at all the real places of F.

Definition 1.1.14. Let D/K quaternion algebra. A finitely generated O -submodule I of
D is called a Og-latticeif KI = D. A Og-lattice is called an order if it is also a subring
D. Lastly, an order is called maximal (resp. an Eichler order) if it is not properly contained

in any other order (resp. if it can be written as the intersection of two maximal orders).

1.2 Modular forms on quaternion algebras

In this section we define the spaces of quaternionic modular forms over a totally real field,
following [Hid88].

Notation 1.2.1. (1) Let D/F denote a quaternion algebra over F' with a fixed maximal
order Op.

(2) For D a quaternion algebra, we set Xp = {v € ¥ | D ®p F, = M>(F,)} and
»P =¥, — Ep. Note that X consists of all the infinite places where the quaternion

algebra splits and ¥ are all the infinite places where it ramifies.

(3) For m € Z¥>, we set m” = (m,),ex;p (also define mp analogously with Xp in place
of ©.P).

1.2.2. Let K¢/Q (in C) be a finite Galois extension with ring of integers O, such that

there is an isomorphism
ap: D XK@ Ky = MQ(K())EOO

Moreover, we assume that under this isomorphism, the projection D — My(K)) at
each place v € ¥p sends D into Ma(Ky N R) and such that Op ®z Ok, is sent into
M5(Ok,)*= (such a Ky always exists). Let Gp », denote the infinite part of Gp(A).

Then «p induces an identification

Gp oo = GLy(R)™P x (H*)>",

16



where H is the usual Hamilton quaternion algebra. Let Cr, = (R*O2(R))*P x (HX)ED
and CL = (R*SO(R))>P x (H*)=", where Oy are the orthogonal matrices, and SO,

are the special orthogonal matrices.

Definition 1.2.3. Let t = |XP|. For A a O, -algebra and n,v € 7, we take
V(n,v,A) C AlZy,, ..., 2Zy,]

to be the space polynomials in variables (Z,),cx.p where the degree of Z, is at most
ny. We give this space a right Op-action by letting g € Op with ap(g) =7 = (w)v €
Mo (Of,)* > act by:

vZy + b\
g: [ 2 — 1[ (% +d)™nrd(g)™ (H)
veZD VEED CVZV + dV

v bV
where v, = (a > and then extend this action A-linearly. Note that m, < n,. For

CV vV

f € V(n,v,A) we denote this action by f|, 7, or simply f|r if there is no risk of
confusion. We denote the module by V' (n, v, A) or V;, ,(A), but we note that this module
depends on the splitting behaviour of D which we suppress in our notation. We note that

this action naturally and uniquely extends to an action of Gp(A).

Remark 1.2.4. Note that we have given a right action ‘at infinity’, meaning that the action
is coming from splitting our quaternion algebra at infinity. Later, in the p-adic setting, we
will work with totally definite quaternion algebras which we assume are split at all primes

over p, in this case we will give an action at p.

Definition 1.2.5. If x € Gp and J C Xp, then we define a right action of Gp
on subsets ¥p by setting J* = {v € ¥p | v € Jand nrd(z,) > Oorv € ¥p —
J and nrd(z,) < 0}.

Note that given any J one can find ;7 € C such that J*/ = ¥ p. This can be
done by setting x; to be such that nrd(xy) > 0 for v € J and nrd(z,) < 0 otherwise.

Definition 1.2.6. Let A be the complex upper half space and let H*P be |¥ p|-copies of
‘H indexed by the elements of X p. For each subset J C X p define the automorphy factor

47 Gpoo X HZP — C*P,

by setting
Jr(v,2) = (CVZ\{ + dyv)vesp,

17



where*y:((‘zvgv>> . and
v vE2ico

7 zy, ifved,
zy =

Zy, ifveXp-—.J.
From the definition it is easy to verify that j (70, 2) = jss(7y,0(2))7s(9, 2).
Next we need to define the weights of our modular forms.

Definition 1.2.7. Let n € Zg‘(’f and v € Z¥< such that n + 2v = (r,...,r) for some
r € Z. By abuse of notation we denote (ry...,m) by r for r € Z. Set k = n+ 2 and
w = v+ n + 1. It follows from the above that all the entries of k£ have the same parity
and k = 2w — r. We call the pair (k,r) € ZE%" X 7 a classical (algebraic) weight. Note
that given k (with all entries paritious and gr;ater than 2) and r we can recover n, v, w.
In what follows we will move between both descriptions when convenient. We will call

(k,r,n,v,w) satisfying the above a weight tuple and usually denote it simply by (k, 7).

Notation 1.2.8. If we take k£ > 2 paritious, then it is common to fix a choice of w,n,v,r

as follows: let kg = max;{k;} then set v = (@) sn=k—2,ny=ky—2,17=mng

and w = n + v + 1. In this way if speak of a (classicail) weight £ Hilbert modular forms,
where implicitly we mean we have k,w,n, v, as above. Note that with this set-up we

have n + 2v = r and w = (W)
(2

We give a function f: Gp(A) — V(nP,vP,C) an action of Gp(A) by setting

(£l,r,07) (@) = Jur (Yoo, i) 750 nrd (700 ) “PE(2 L) - Yoo

where J C Yo, v € Gp(A) and i = (vV—1,...,v/—1). With this, the spaces of

quaternionic modular forms are defined as follows:

Definition 1.2.9. For U an open compact subgroup of Gp(A¢) and J C X p, we define
SD (U) as the C-vector space of functions

f:Gp(A) — V(nD,vD,(C),
such that:

(@) flx, v =fforally e UCL.

(b) f(ax) = f(x) for all a € Gp(Q).

18



(c)

We now impose some holomorphy/antiholomorphy conditions. First, note that if
we identify H with GLg(R)/O2(R)R>, then Gp o, naturally acts on H>P. Now, let
G D,oo+ be the connected component of the identity in Gp . It is easy to see that
for each z € H>P, we can choose Y5 € GD oo+ such that 74 (i) = 2. From this we
define

fo: HEP — V(nP 0P, C),

for each x € Gp(Ay) by setting

fe(2) = §1(Voos i)kD nrd(Ys0) P E(7Y0) - '70_01'

Note f(ax) = f(z) for all a € Gp(Q), which insures that this is well-defined, indepen-
dent of the choice of yo.. With this we impose the condition that for all z € Gp(Ay),

8 —0ifve J,and 3 =0ifve Xp - J.

When D = Ms(F') we also require that

ol T

for all g € Gp(A) and for each additive Haar measure dz on F'\Ap. Furthermore,
when F = Q, we need | Im(2)*/2f,(2) | to be uniformly bounded on A.

When D is totally definite and the weight is (2, 7) we quotient out the space of forms
that factor through the reduced norm map. In particular, if S(U) is the space of
functions satisfying (a) and (b) above, and Inv(U) is the subspace of S(U) of functions
that factor through nrd, then we let Sy, (U) = S(U)/Inv(U). Note that in this case

there are no J’s since D is totally definite.

Remark 1.2.10. It is well-known that these spaces are finite dimensional. See (for example)
[Gar90, Section 1.7].

Notation 1.2.11. (1) In the case when ¥p = () (the totally definite case) we drop the

(2)

subscript J from S,]ST,’J(U).

In the case D = My(F') we drop the superscript D and denote the spaces simply as
Sk.r,7(U). Furthermore, in this case, if J = ¥, we again drop the subscript J.
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1.3 Shimura varieties

Definition 1.3.1. Take U an open compact subgroup of Gp(Af). We define the Shimura
variety’ associated to (Gp,U) to be

Yp(U) = Gp(Q)\Gp(A)/UCE

(see 1.2.2 for the definition of C1).

Proposition 1.3.2. For any given integral ideal n, one can find t; € Gp(A), i € {1,...h}
with the t; having trivial infinite part and (t;)n = 1, such that

h
Gp(A) =| |Gp(@tiUGD 0o
=1
Proof- This follows from strong approximation. O

1.3.3. When D is indefinite, then h = |[F*\Ay/nrd(U)F , | where Op =0p®Z. In
particular, for M>(F') and det(U) = @X, we have that h is the narrow class number of
F. In this case we let ¢; € A} with (¢;)oc = 1 and such that t; = tiOp N Fisa complete
set of representatives of the (narrow) ideal classes. Then setting ((1) 8 ) gives the required
representatives. By abuse of notation we denote these representatives by ¢;. For D totally
definite, the number / depends on D and U and we call it the class number of (D,U).

Notation 1.3.4. For each i we set T°(U) = G p(Q)Nt;Ut; 'Gp ooy (this is an intersection
in Gp(A)) and T'(U) = T%(U)/THU) N F*.

For D indefinite define the complex analytic space Yp ;(U) = ['(U)\H>P; this

is a manifold if T';(U) has no torsion. Moreover,
Yp(U) = | |Yp(U)
i
and this manifold will be compact if D is a division algebra; otherwise one needs to add
cusps to get a compact space.

Proposition 1.3.5. If D is totally definite then Yp (U) is a finite set of points.

Proof. The work here is in proving that Gp(Q)\Gp(A) is compact, which follows from
[Hid06, Theorem 2.8]. Once we have this, then since Y (U) is the quotient of topological

3Some authors would call this a Shimura manifold as for some quaternion algebras this may not satisfy
Deligne’s axioms for a Shimura variety, but we will not follow this convention.
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group by an open subgroup, it must be discrete. Therefore Y (U) is compact and discrete,

hence it is finite. O

Definition 1.3.6. For D indefinite, we call an open compact subgroup U of Gp(Ay)
sufficiently small, if for all 4, T'(U) has no torsion.

In practice we will be interested in the following subgroups.

Definition 1.3.7. Let n =[], q5” be an integral ideal. For D a quaternion algebra with
(Disc(D),n) = 1 we fix splitting at all primes dividing n of D. Then we define:

Ui(n) = {v€(©OpeZ)* |y=(51) modn},
Uo(n) = {7 € (Op®Z)* |y = (51) modn},
U(n)::{'ye((’)DQ@i)leyEl modn}.

Remark 1.3.8. By [Hid88, Lemma 7.1] one can always find n such that the above are

sufficiently small.

1.4 Hecke operators and the classical Jacquet-Langlands cor-

respondence

In this section (following [Hid88]) we define the Hecke operators acting on the spaces of
modular forms previously defined. With this we then state the classical Jacquet-Langlands
correspondence, which will be one of the main results used later on.

Let U, U’ be open compact subgroups of Gp(As) and = € Gp(Ay). Now, write
UzU'" =[], Uz;. Note that for v = 22 € Gp(Af)Co we have Uz U’ =[], U(x;)
if and only if (UCsot)x(U'Cooyt) =11, U(2:) T oo

Definition 1.4.1. Let U, U’ be as above and f € S, ;(U). Then define [UzU] :
SIET,J(U) - SIQT,JI (U,) by

f’ [U%U/] = Zf‘k‘,r,ﬂ%’-

i

The product of two such operators is defined by taking U, U’,U"” € Gp(Ay) open
compact subgroups and z,y € Gp(Ay) and then noting that UzU'yU"” =[], UzU"y; =

]_[m- Uzxjy;. From this, one obtains operators

[UU[U'yU"] : SP, ;(U) — SLy yen (U”).
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Definition 1.4.2. Let U be as above and let A be a subsemigroup of Gp(Ay) such that
U C A. Then the Z-module of all finite formal sums of [UzU] for z € A is an associative
ring under the product defined above. We call this the Hecke ring associated to (U, A) and
we denote it by TP (U, A).

In practice, we will take A to be the following:

Definition 1.4.3. Let n be an ideal coprime to Disc(D) and fix splittings at all places
away from Disc(D). Let

Ap(n) = {’y € Gp(Ay) | = (g; gv) € My(0,) with dy € OX, ¢y € n, for all v|n} :

For U = Us(n), we let TP (U) = TP (U, Ap(n)).

One particularly useful operator (as shown by the proposition below) is given by
[Uz ;U] where J € ¥p and z; is as in 1.2.5.

Proposition 1.4.4. For each J € ¥p the map Uz ;U] : Sy yj(U) — Skrx,(U) is an
isomorphism which commutes with [UyU)| for all y € Gp(Ay).

Proof. First we note that since 27y = 1 we must have that [Uz ;U] o [UyU] = [UyU] o
[Uz ;U]. Moreover, note that X7/ = J, therefore [Uz;U]*> = 1 and thus [Uz ;U] is an

isomorphism. O

This then shows that the Hecke action on S}’ ;(U) is independent of J, so if
we only care about the Hecke action, there is no loss in dropping the subscript J. Now
one might ask to what extent is the Hecke action independent of D. For this there is the

following very important theorem.

Theorem 1.4.5. (Eichler, Jacquet-Langlands, Shimizu). Let D be a division quaternion
algebra over a totally real field F', with Disc(D) =0 and n a ideal coprime tod. Then we
have an isomorphism of TP (U, (n)) Hecke modules

Sior(Us(n)) 2 ST (U, (nD))
where x € {0,1,0}.
Proof- This result is just a concrete realization of [JL70, Theorem 16.1]. O

Note that we have not yet defined S,g;;}ew(Ui(nO)) but this will be done in Definition
3.2.10. Also in the above we have denoted the level structures for D and My (F') by U;(—)
which is a slight abuse of notation. We have also identified the Hecke operators away from
0 for D and G via the fixed splittings of D.
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Chapter 2
Eigenvarieties

In this chapter we will give some background on eigenvarieties and how to induce maps
between them. We will begin by giving some properties of Banach modules and compact
operators on them, from which we will later construct eigenvarieties. There are many

sources for this material and we shall mainly follow [Buz07, Hanl7, Urbll].

2.1 Banach modules

Definition 2.1.1. Let L be a complete non-archimedean field with norm |.|. A (non-zero)
commutative Noetherian L-Banach algebra A is a commutative Noetherian L-algebra!

complete with respect to the metric induced by a norm |.| : A — R>¢ satisfying
(a) For a,b € A, |ab| < |a| -b].
(b) For a € A and X € L, |Aa| = |A|z]al.

Definition 2.1.2. Let A be a commutative Noetherian L-Banach algebra. An A-module
M is called a Banach A-module if it is complete with respect to |.| : M — R>¢ satisfying

(a) For m € M, |m| = 0 if and only if m = 0.
(b) For m,n € M, |m + n| < max{|m|, |n|}.
(c) For a € A and m € M, |am| < |a||m]|.

It follows from [Buz07, Proposition 2.1 (b)] that finite Banach A-module has a
canonical topology induced by any norm making it into a Banach A-module. We will

always assume that our modules have this topology.

"Throughout, our algebras will always be unital.
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Notation 2.1.3. For [ an indexing set and a; € A for i € I, we say that lim; a; = 0 if for
all € > 0 there are only finitely many ¢ € I with |a;| > e.

Definition 2.1.4. Let A, M be as above and [ an indexing set. A subset {e; € M |i € I}
with |e;| = 1 for all ¢ € I as called an orthonormal basis for M if the following holds:

(a) Every m € M can be uniquely written as ) _, a;e; with a; € A and lim; a; = 0.
(b) If m =, aje;, then |m| = max;{|a;|}.

Such a module M is called orthonormalizable or simply ON-able. More generally, M is
called potentially ON-able if there exists a norm on M equivalent to the given norm under
which M becomes ON-able.

Definition 2.1.5. Let M, N be ON-able Banach A modules with bases {e;|i € I} and
{f;lj € J} respectively. Then, for ¢ : M — N a continuous A-module homomorphism,
we define the associated matrix coefficients (a; ;) by ¢(ei) = 325 a;if;. 2

Definition 2.1.6. We say a Banach A-module P satisfies property (Pr) if there is a
Banach A-module @), such that P & () (with its usual norm) is potentially ON-able.

2.2 Compact operators and slope decompositions

We now collect some results on compact operators on Banach modules and the induced

slope decompositions, which is crucial for the construction of eigenvarieties.

Definition 2.2.1. Let L/Q, be a finite extension and Q)(X) € L[X] be a polynomial of
degree d. We say Q has slope-< h, if Q(0) € OF and if the roots of Q*(X) := 2¢Q(1/X)

in Q, have p-adic valuation less than or equal to .

Definition 2.2.2. Let M be a vector space over L and U a (continuous) linear endomor-
phism of M. We say that M has a slope-< h decomposition with respect to U, if we can
write M := My & M>, where both M7, M5 are stable under the action of U and

(a) Mj is finite dimensional over L;
(b) the polynomial det(1 — X U]y, ) is of slope-< h;

(c) for any polynomial P of slope-< h, the restriction of P*(U) to M is an automorphism
of M.

This is contrary to Serre’s convention in [Ser62].
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Lemma 2.2.3. Let M, N be L-vector spaces, and let U,V be endomorphisms of M, N
respectively. If M = M, & My and N = Ny & N are slope-< h decompositions with respect
to U,V respectively, and f : M — N is a (continuous) L-linear map such that foU =V o f,
then f(M;) C Nj fori=1,2.

Proof. See [Urbll, Lemma 2.3.2]. O

Setting M = N and f = id gives us uniqueness of the slope-< h decomposition,
which means that there is no problem in defining M=h .= My and M>" .= M, for
M, M, as above. Moreover, note that for i’ > h, if M has a slope-< h’ decomposition,
then it also has a slope-< h decomposition and there is a U stable decomposition
M=M= M<h @ MhsH,

Remark 2.2.4. It is easy to see that if M has a slope-< h decomposition with respect to
U, then for o € L, V = aU gives a slope-< h + val,(«) decomposition and

M(U)Sh _ M(V)§h+va1p(a),

where M (X) denotes the slope decomposition of M with respect to X.

Definition 2.2.5. We say that M has a slope decomposition with respect to U, if there is
a sequence of rationals h,, going to infinity (hence for any such sequence), such that M

has a slope-< h,, decomposition for all n € N.

Notation 2.2.6. We set det(1 — XU |pr) := lim,, det(1 — X U]y <nn ). Note that the limit
exists in L[X] and it does not depend on the sequence (hy,).

Proposition 2.2.7. Let M have a slope decomposition with respect to U and M' C M be a
U -stable subspace of M. Then M’ has a slope decomposition if and only if M /M’ also has a

slope decomposition and furthermore
det(1 — XU [p) = det(1 — XU |p) det(1 — XU |pr/nr)-

Proof- See [Urbll, Corollary 2.3.5]. O

Now we switch from vector spaces M to ON-able Banach A-modules, where A is
a topologically finitely generated Q,-Banach algebra. But note (as in [Urbll, Section 2])
that the theory we are about to develop works just as well when M is a compact p-adic
Fréchet space, which we recall is a p-adic topological vector space V which is the limit of

p-adic Banach space V), such that the transition maps V,, = V,;, for n > m are compact

(defined below).

25



Definition 2.2.8. Let /M be an ON-able Banach A-algebra. We call an operator U
compact (or completely continuous) if there exists a sequence of projective and finitely
generated Banach A-modules M;, such that U; := U|j, converges (with respect to the

operator norm) to U as ¢ — oo.

In the case when our module M is ON-able, then we can use the matrix associated

to the operator to ‘see’ when an operator is compact as follows.

Proposition 2.2.9. Let M, N be ON-able Banach A-modules with ON -bases {e;|i € I}
and {f;|j € J} respectively. Let ¢ : M — N be a continuous A-module homomorphism with

matrix (a; ;). Then ¢ is compact if and only if lim sup,c; |a; ;| = 0.
1—00
Proof. This is [Buz07, Proposition 2.4]. O

Definition 2.2.10. Let M, M; and U; be as in Definition 2.2.8. We define the Fredholm

determinant as
Fredp;(U) = det(1 — XU|ps) := limdet(1 — XU;).

Definition 2.2.11. If A is a local ring with maximal ideal m and F'(X) € A[X]. Then F
is called entire over A if the n-th coefficients of F' lies in m“» for some ¢, € Z such that

¢n/n tends to oo.

Theorem 2.2.12. Let A, M and U be as above, then Fred;(U) is an entire power series
with coefficients in A.

Proof. This follows from [Ser62, Proposition 7). O

Definition 2.2.13. If we can write Fred;(U) = Q(X)- R(X), where @ is a multiplicative
polynomial of slope-< h and R(X) € A[X] is an entire power series of slope > h
(meaning its Newton polygon has all of its slopes greater that h), then we say that
Fredys(U) has a slope-< h factorization.

Proposition 2.2.14. With the notation as above, M has a slope-< h decomposition if and
only if Fredpr(U) admits a slope-< h factorization.

Proof. See [Buz07, Theorem 3.3]. O]

Note that the slope-< h factorization of Fredy/(U) = Q(X)R(X) gives the
slope-< h decomposition on M by setting M=" = {m € M | Q*(U) - m = 0}.
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Definition 2.2.15. For M as above with a slope decomposition with respect to U, let

Mfs = U Mghu

h<oo

which we call the finite slope part of M.

2.3 The spectral variety

We begin by recalling the following definitions from rigid geometry.

Definition 2.3.1. If R is an affinoid integral domain, we say that R is relatively factorial
if for any f € R(X) (which is the space of convergent power series with coefficients in R)
with constant term 1, the ideal (f) factors uniquely as a product of principal prime ideals,
where each prime ideal can be chosen to be generated by an element of constant term 1.
Furthermore, we say that a rigid analytic space is relatively factorial if it has an admissible

covering by relatively factorial affinoids.

Definition 2.3.2. If W is a relatively factorial rigid analytic space and ¢ : W x {0} —
W x Al is the natural map, inducing a map i* : O(W x Al) — (W), then a Fredholm
series is a global section f € O(W x A!) such that i*(f) = 1. The subspace of W x Al
cut out by a Fredholm series is called a Fredholm hypersurface.

Proposition 2.3.3. If f is a Fredholm series and % (f) is the Fredholm hypersurface it
defines, then the natural map W x A' — W induces a map 2 — W whose image is Zariski
open in WV.

Proof. See (for example) [Hanl7, Proposition 4.1.3]. O

Definition 2.3.4. Let [ C )V be an affinoid and Z°(f) a Fredholm hypersurface. Define

Zun = O(WP"X)/(f(X)),

which we view as an admissible affinoid open subset of Z°(f). We have a natural map
Zi,n, — 3, which is flat but might not be finite. We say that 2§, is slope-adapted if the

above map is finite and flat.

It is possible to show that 2§} is slope-adapted if and only if f|y admits a
slope-< h factorization f|y(X) = Q(X)R(X), from which it follows that &'(Z; ;) =
O(W)[X]/(Q(X)). Then, [Buz07, Theorem 4.6] tells us that the collection slope-adapted
affinoids is an admissible cover of Z°(f). It is this fact that allows us to construct

eigenvarieties.
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2.4 Eigenvarieties

In order to define an eigenvariety 2", we need to specify the eigendata to which it is
associated. The constructions is originally due to Coleman-Mazur and Buzzard, but has
been extended by Urban and Hansen among others.

We begin by specifying the eigendata as defined [Buz07] to which one can attach
an equidimensional eigenvariety, by using Buzzard’s eigenmachine. Later we will use this
eigenmachine to construct eigenvarieties attached to D/F totally definite or GLy/F as
in [Buz07, AIP16b].

More generally, Hansen has given a more general construction of eigenvarieties,
which can be use to construct eigenvarieties associated to reductive groups by using over-
convergent cohomology. These more general eigenvarieties may not be equidimensional.
We will recall this more general construction and later use this to construct eigenvarieties

attached to any quaternion algebra D/F.

2.41 Buzzard’s Eigenmachine

We begin by recalling some definitions from [Buz07].

Definition 2.4.2. Let M;, My be Banach R-modules satisfying (Pr) for R a reduced
affinoid and T' a commutative R-algebra with maps v¢; : T — Endr(M;). Let U € T act
compactly on both M and M>. A continuous R-module and T-module homomorphism
o : My — My is called a primitive link if there is a compact R-linear and T'-linear map
¢ : My — My such that ¢9(U) : My — My is «ocand ¢1(U) : My — M; is coa. More
generally a continuous R-module and T-module homomorphism o : M" — M is a link
if there exists a sequence M; of Banach R-modules satisfying (Pr) for i € {0,...,n}
such that M’ = My, M = M,, and « factors as a compositum of maps «; : M; — M,

with «; a primitive link.

Definition 2.4.3. Let WV be a reduced rigid space, R a reduced affinoid and T be a
commutative I2-algebra with a specified element U. For admissible affinoid open & C W
let M (L) a Banach &'(4)-module satisfying (Pr) with an R-module homomorphism
Yy : T — Endg gy (My) such that ¢y(U) is compact. Finally assume that if 4 C &' € W
are two admissible affinoid opens, then there is a continuous ¢ (4{)-module homomorphism
o My — Mu/@)ﬁ(u/)ﬁ(ﬂ) which is a link and such that if ${; C Yy C Ly C W are all
affinoid subdomains then a3 = a3 0 g for oy + My, — Muz.@ﬁ(ui)ﬁ(ilj).

We give the name of eigendata or eigenvariety data, to tuple € = W, .#,T,U)
where .# is the coherent sheaf defined by the M.
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Definition 2.4.4. For U as above, define the spectral variety associated to U, denoted
Z(U) as the closed subspace of VW x A! cut out be the Fredholm determinant of U.

With this we have the following theorem of Buzzard:

Theorem 2.4.5 (The Eigenmachine). Attached to € = W, #,T,U) there is a canoni-
cally associated rigid space 2 (&) with a finite morphism to the spectral variety 2 (U) defined
by U and whose points over z € 2 (U) are in bijection with the generalized eigenspace for the

action of T on the fibre A .. Moreover, if W is equidimensional of dimension n, then so is
Z(€).

Proof- This follows from [Buz07, Construction 5.7, Lemmas 5.8-5.9]. Ul

2.4.6 Hansen’s Eigenmachine

We now recall Hansen’s more general construction of eigenvarieties. For these we do not
need to have a sheaf of Banach modules satisfying (Pr) as in Buzzard’s construction, but

the resulting eigenvarieties may not be equidimensional.

Definition 2.4.7. We give the name of generalized eigendata or generalized eigenvariety
data to the tuple
@ - (ngpv%’T?w%

where:

L. W is the ‘weight space’, which is a separated, reduced, equidimensional, relatively

factorial rigid analytic space,
2. Z C W x Al is a Fredholm hypersurface,
3. M is a coherent analytic sheaf on 2,
4. T a commutative (Q,-algebra (the Hecke algebra),
5. 1 is a Qp-algebra homomorphism ¢ : T — Endg,, ().

Theorem 2.4.8 (The Generalized Eigenmachine). Attached to the eigendata ® =
W, %, 4,T,)), there is a rigid analytic space 2~ = 2 (D), together with a finite
morphism w : X — Z, an algebra homomorphism

¢%T—>ﬁ(‘%)¢

and a coherent sheaf .#' on 2 with a canonical isomorphism 7,.(M') = M compatible
with the action of T'. The points of 2~ lying over z € 2 are in bijection with the generalized
eigenspaces for the action of T on M.
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Proof. This is [Hanl7, Theorem 4.2.2].
O

2.4.9. We will construct eigenvarieties in this setting by taking some weight space ¥V and
to each affinoid open 4l C W attaches a nuclear Frechet space H*(Yp(U), Zy) . On this
space we will have a compact operator U, whose Fredholm determinant Fj, which one
checks (using links) is well-defined independent of s > s(4l) (cf. [Hanl7, Section 3.1]) and
such that for $' C 4l open we have Fy |{¢= Fiy, from which it follows (by Tate’s acyclity
theorem) that there is a ‘global’ F' such that Fyy = F' |y The spectral variety 2 is then
given by the zero locus of F in W x Al

In order to construct the coherent sheaf .# on 2 one simply defines .# (% },) =
H*(Yp(U), Zy)=h for 2, a slope-adapted affinoid, which one can then glue to get a
coherent sheaf on 2 (cf. [Hanl7, Section 4.3]).

Remark 2.4.10. The main difference between eigenvarieties constructed via the eigenma-
chine compared to the generalized eigenmachine is the support of the relevant system
of Banach or Frechet modules. In Buzzard’s eigenmachine they are Banach modules
satisfying (Pr) and are supported on all of 2(U) while in Hansen’s construction one
allows more general nuclear Frechet spaces which are supported on a subspace of 2 of

possibly positive codimension (cf. [Hanl7, Section 1.1 and Section 4.4]).

Remark 2.4.11. One can obtain a set of generalized eigendata from Buzzard’s eigendata
¢ =W, #,T,U,) by defining ® = (W, Z(U), #,T,+) where Z(U) is as in Defini-
tion 2.4.4 and ¢ : T — Endo,, ,,, (-#) the algebra homomorphism naturally defined by
the 1)y as in Definition 2.4.3. The resulting eigenvariety coincides with the one given by

Buzzard’s eigenmachine.

2.5 The Interpolation Theorem

In this section we begin by recalling Chenevier’s interpolation theorem, which is used
to construct closed immersions between eigenvarieties (as constructed by Buzzard’s
eigenmachine) which interpolate ‘classical maps’, a process which is referred to as p-
adic Langlands functoriality. We will use this to interpolate the Jacquet-Langlands
correspondence. For this we will need to find a very Zariski dense subset (see Definition
2.5.2) of the weight space, together with a classical structure on it. As the name suggests,
the classical structure will be given by the subspace of classical modular forms inside
the space of overconvergent modular forms. We then use this to find closed immersions

between different eigenvarieties by relating their classical structures. In our case, it will be
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the classical Jacquet-Langlands correspondence that will allow us to relate the classical
structures.

In order to construct maps between eigenvarieties using the generalized eigenma-
chine we will need a more general version of this interpolation theorem due to Hansen,

which we will use in Section 6.2.

Definition 2.5.1. A subset X C Z is Zariski dense in Z if for every analytic subset (see
[BGR84, Section 9.5.2]) Y C Z such that X C Y, thenY = Z.

Definition 2.5.2. A Zariski dense subset X C W is very Zariski dense if for each z € X
and every affinoid open V' C W containing x, V N X is Zariski dense in each irreducible

component of V' containing z.
From this we define the classical structures as follows.

Definition 2.5.3. Let € = W, .#,T,U) be a set of eigendata as above and let X C W
be a very Zariski dense subset. For each 2 € X, let .Z< be a finite dimensional T-module
contained in .#, and, for every h € R, set X}, = {x € X | 45" C .#4E"}. We say that
M gives a classical structure on X if for every open affinoid neighbourhood V' C W and
every h, the sets X NV, X, NV have the same Zariski closure in V.

Definition 2.5.4. If 2" is an eigenvariety, with eigendata ¢ = (W, .#,T,U), we denote
the nilreduction of 2" by 2%, and we say that an eigenvariety is reduced if 2% = 2.

With these definitions we can now state the Chenevier’s Interpolation theorem.

Theorem 2.5.5. (Chenevier) Let Z; be eigenvarieties associated to the eigendata of €; =
Wi, M3, Ty 0;), fori = 1,2 with W =W, =Ws and T =T =To. Let X C W a very
Zariski dense subset such that //lfl is a classical structure on X for each .#;. Assume that,
forallt € T and all x € X, we have

det (1 — i (tU)Y | ///ffx) divides det (1 — G (tU)Y | //%)

in k(x)[Y), where k(x) is the residue field at x. Then, there is a canonical closed immersion

v 276 s 274 such that the following diagrams commute

red
%red( L e9//27"651 T 1 ﬁ(%red)
¢£ed o
W ﬁ(%red)
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Proof. See [Che05, Theorem 1].
O

Corollary 2.5.6. If det (1— ()Y 4 ) = det (1 — Y (tU)Y] e ) in k(x)[Y] for
all t € T and all x € X, then there is an isomorphism 2% = 274,

Proof- In this case the above Theorem gives us two closed immersions t15 : 27 —
Zyed and 191 @ 25 — 27°4, from which the result follows at once by noting that
L12091 = Idj{z and Lo21l12 = Idﬁfl.

O

We now have a result of Chenevier that gives a criterion for an eigenvariety to be
reduced. Suppose that X C W is a very Zariski dense subset giving a classical structure.
For h € R, let X;* = {zx € X | 4 N A" is a semisimple T-module}.

Lemma 2.5.7. If forall h € R, x € X and V C W an open affinoid containing x, there
exists W C V an open affinoid containing x, such that X;* "W contains an open Zariski
dense subset of X "W, then 2" is reduced (here we view X N'W as a topological subspace of
W with the Zariski topology).

Proof. See [Che05, Proposition 3.9]. O

Now for more general eigenvarieties as constructed in using Hansen’s eigenmachine
we have a more general interpolation theorem. Before stating it, we need to recall some
definitions from [Hanl7].

Definition 2.5.8. Let 2" = 2°(D) be an eigenvariety attached to a generalized eigen-
datum of ® = W, %, #,T,1)). The core Z°° of 2 is defined the union of the
dim(W)-dimensional irreducible components of 2 "¢ regarded as a closed subspace of
Z and let Z° be the subspace of Z of points whose preimage in 2" meets 2 °. An

eigenvariety is called unmixed if 2°° = 2.

Remark 2.5.9. Note that eigenvarieties constructed using Buzzard’s eigenmachine will be

unmixed if they are reduced.

Theorem 2.5.10 (Hansen). Let Z; be eigenvarieties associated to the generalized eigendata
D; =W, 2, M, T, 1) fori = 1,2 withT =T =T together with:

1. A closed immersion j : Wi — Wh.
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2. A very Zariski dense subset 2% C % with image in %5 under the map induced by j
and such that for allt € T and all z € 2%

det (1 — ()Y | /,flz) divides det (1 — G (tU)Y |, //[z)
in k(z)[Y].

Then j induces a closed immersion 2 — 25 and there is a canonical closed immersion

L AP — Ao such that the following diagrams commute

2ot 2, T— o2y
o
Wl% Wo ﬁ( %red)
Proof. This is [Hanl7, Theorem 5.1.2]. O

Remark 2.5.11. Recently, Johansson-Newton [JN17, Section 3.1] have given a more general

version of this interpolation theorem for "adic" eigenvarieties.
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Part 11

The overconvergent

Jacquet-Langlands correspondence
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In this section we begin by studying classical Hilbert modular forms in detail and
understanding the action of Hecke operators by using g-expansions. We then give a more
geometric definition (a la Katz) of these spaces, which naturally generalizes to the p-adic
setting and is the basis for defining overconvergent Hilbert modular forms as defined
in [AIP16b]. From this one constructs eigenvarieties associated to Hilbert modular form,
which we will denote by Z¢(U), for U an appropriate level.

We then define quaternionic modular forms in the p-adic setting for a totally defi-
nite quaternion algebra and define overconvergent quaternionic modular forms following
[Buz07]. We also prove a control theorem in this setting and construct eigenvarieties
Zp(U).

Similarly, we define eigenvarieties associated to overconvergent cohomology groups
on any quaternion algebra D. In this case one does not need to worry about moduli
problems being representable (in contrast to the Hilbert modular form case).

Lastly, using the Interpolation theorem we show that, if |F' : Q| is even and
Disc(D) = 1, then Zp(U) = Z¢(U). More generally, using overconvergent cohomology,
we obtain closed immersions between eigenvarieties associated to any quaternion algebra

D by using Hansen’s interpolation theorem.
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Chapter 3
Hilbert modular forms

In this chapter we begin by recording some classical results about Hilbert modular
forms. We will start by making explicit the definition of Hilbert modular forms by setting
D = Mj(F) in Definition 1.2.9. We will then discuss their g-expansions and study the
action of Hecke operators on these spaces; in particular, we record some ‘Atkin-Lehner
type’ results. We will also give a more geometric constructions of these spaces, which
naturally generalize to the p-adic setting. Much of this material is well-known and there
are many sources, see [Hid88, Shi78a, SW93, Dim03, Gar90].

We will then recall the definition of overconvergent Hilbert modular forms given
by [AIP16b] which are used to construct eigenvarieties associated to cuspidal Hilbert

modular forms.

3.1 Complex Hilbert modular forms

Notation 3.11. (1) Let U be an open compact subgroup of G(Ay).

(2) In this section we set J = Xy, () = Yoo (by Proposition 1.4.4, we can restrict to this

case without loss of generality).

(3) Note that CE = (R*SO2(R))* > and we write the elements of SOq(R)>> as

u(f) = ( Co.s(27T9v) Sin(%m)
—sin(276,) cos(27b,) VES o

for some 6 = (6,), € R¥x,
(4) Let J be the F-modulus consisting of the product of all archimedean places of F'.

(5) Let t; = t:0p N F be as in 1.3.3.
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Let us now unravel Definition 1.2.9 in this setting.

Definition 3.1.2. The C-vector space of cuspidal complex Hilbert modular forms of weight
(k,r) and level U, denoted Sj,,-(U) is given by functions f: G(A) — C such that

(a) f(ygu) =1f(g) for all y € G(Q), g € G(A) and u € U.
(b) For usou(f) € CL and g € G(A) we have

f(gusou(f)) = u . exp <2m' ( Z kv9v>> f(g).

VGEOO

(c) For each x € G(Ay), the function f, defined (as in Definition 1.2.9 (c)) is holomorphic

in the variable z, for all v € X .

(d) For all ¢ € Gp(A) and for each additive Haar measure dz.
1
/ f v g | dx=0.
F\Ap 0 1

Since we are in the GLa-case, our modular forms have g-expansions which are of great

3.1.3 Fourier expansions

use when studying the action of Hecke operators. In order to give the g-expansions of

Hilbert modular forms we will first decompose our spaces.

Definition 3.1.4. Let U be an open compact subgroup of G(Ay), with det(U) = @X
and let I''(U) be as in 1.3.4. Let (k,7,n,v,w) be a weight tuple. We define S ,.(I"(U))

to be the space of functions

f:HZ —C

such that

F((2)) = (7, 2)" det(v) " f(2)

for all ¥ € T'*(U) and is holomorphic in z, for all v € ¥.,. Moreover, we assume that f

vanishes at all cusps of T%(U).

Proposition 3.1.5. The map f — (f,)i with the notation as in Definition 1.2.9 (c), gives an

isomorphism
h
Skr(U) = €P Sk, (T(V)).
i=1
Proof. See [Shi78b, Section 2]. O
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We now give a special case of Proposition 3.1.5 which will be useful later on.

Corollary 3.1.6. Let T'o(b,n) = GLo(F)t N (b?aFF 5;) and

Ii(b,n) ={(2Y) €To(b,n)|d=1 mod n}

then

h
Sk,r(Ul (n)) = @ Sk,r(rl(bi7 1‘1)),
=1

where b} = t;.

Notation 3.1.7. When needed we will denote elements of Sy, ,(U) as f and elements of
Sk (T%(U)) as f;. Moreover, using the proposition above we write f = (f1,..., f),) since
(fi,-.., fn) determines f by setting f(7yt;u) = fi|uoo(i) where v € G(Q), u € U and
i=(/-1,...,/-1).

Remark 3.1.8. It is important to note that the Hecke action preserves the spaces Sy, (U)
but not the spaces S .(I''(U)). Specifically, given UzU for € G(A) one can find, for
each 7, an element «; such that UzU = U ti_lozitjU where j is uniquely determined by
the condition that det(m)titj_l(ap N F is principal modulo Jo. If f = (f1,..., f), then
fl[UzU] = (g1,--.,gn), where g; = fi|[T*(U)a; 17 (U))].

Let U = U,(n) and let f € Sy, (U) with £ = (f1,..., fn). Now each f; admits a

Fourier expansion of the form

fiz) =) ail@er(é2),

geut

where b} = t;, ep :=¢eg o Trp/g : Ap/F — C*, with Trp)q is the usual trace on the
adeles and eq is the additive character determined by eg(x) = exp(2miz) if € R,
ker(eq |g,) = Z; for [ a prime and eg(q) = 1 for ¢ € Q.

Remark 3.1.9. Note that if ¢ € O;’Jr, then ¢;(e€)e = ¢;(€) if (§9) € I'(U) and
ci(€28)ed = ¢;(€) if (§ 691) € TY(U). In particular, ¢;(£)£° for € # 0 depends only on

the ideal {OF since v + w = r + 1 is parallel.

Definition 3.1.10. Let f = (f;);, then we can define a function on the group of fractional

ideals by setting

¢i(8)€Y if m = &t and m is integral,
a(m,f) =
0 otherwise.
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These will be our Fourier coefficients of our Hilbert modular forms f. In fact, one
has the following expansion (which follows from [Shi78a, (2.18)])

£(59) = D a(6yOr, £)(€yse) er (Siyoo)er(S).

X
(R

We now define the Petersson inner product on these spaces.

Definition 3.L11. Let f,g € Sk, (I'(U)) then we define

() = @@\ [ T ()
IY(U)\'H
where 2, = &y + iy, du(z) = [1,es. ¥y 2deydy, and p(I'(U)\HY) is the measure of a
fundamental domain for I''(U)\HY with respect to dju(z). Moreover, for f = (f;);, g =

(gi)i set
h

(f.g) = Z(fiygi>'

3112 Level Uy(n) and U;(n) Hilbert modular forms

We now restrict our level structure to Up(n) and U;(n) for n and integral ideal. Note that
Uo(n)/Ui(n) = (Op/n)* therefore Uy(n) acts on Sk (Ui (n)) by £+ flu for u € Up(n).
If 9 (or 1y, if we want to keep track of the modulus) is a character of (O /n)* extended
to Up(n) by setting 1 (¢ Y) = )(dy) (where d,, is the image in Oy of d) and we let

Skr(Uo(n), ) = {f € Sk, (Ur(n)) | £(gu) = ¢(u)f(g) for all g € G(A),u € Up(n)}
then the following proposition is immedjiate.

Proposition 3.113. There is a decomposition Sy, (U (n)) = D, Sk,»(Uo(n), 1)) where the

sum is over characters of (Op/n)™.
Remark 3.1.14. Note that if ¢ is trivial then Sy ,(Up(n),¢) = Sk (Up(n)).

Now, as we observed in Remark 3.1.8, the decomposition in Corollary 3.1.6 is not
preserved by the Hecke action. To solve this problem we introduce Hecke characters ¥
of F' extending 1, with infinity type —(r,...,r), i.e., ¥(z) = 27" for all x € F, and
¥ =1 on Op. Let

Skr(n, W) ={f € S, (Ui(n)) | f(gz) = VU(2)f(g) for all g € G(A),z € AL }.
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Then we have

Sk,r(Ul (11)) = @ Sk,r(na \I/)
v

where the index runs over Hecke characters ¥ with infinity type —r and conductor
dividing n (of which there are only finitely many). Moreover, this decomposition is
preserved by the Hecke operators T'(U;(n)) see [Shi78a, Section 2| or [Dim03, Section
4.1].

Remark 3.115. It follows from the above that S, (Up(n),v) = @y Sk,r(n, ¥) where

the sum is over all Hecke characters ¥ extending ¢/ with infinity type —r.

3.2 Atkin-Lehner theory

We now study the action of Hecke operators on Hilbert modular forms of level U;(n) and

Up(n). For this we begin by defining the relevant Hecke rings.

3.21 Hecke operators

For U = Up(n) or Uy(n), let T(U, A(n)) be the Hecke ring as in Definition 1.4.2. For
a C Op and b 1 n, define

T,= Y [UzU] and  Sy=[U(§9)U]
z€D(a)

where D(a) = {x € A(n) | det(z)Or = a} and bOp = b. Then one can show that
T4, Sy generate T'(U, A(n)), in fact, we can be more explicit: let v be a finite place of F
and let 7, be a local uniformizer of O,. Then for v { n define S, = [U (76” fv) U} and

define 75, = [U (76V (1)) U]. If w|n we define Uy, = [U (7‘(')W (lJ) U]. Then one can check that
T(U, A(n)) is generated by Sy, Ty, U,, and for t, m integral ideals

TiTw = Z NF/Q(C‘)SaTa*%m
+mCa
(cf. [Shi94, Chapter 3]).

Notation 3.2.2. Following Hida, in the case that the weight k is not parallel (i.e. v # 0), it
is common to re-normalize the Hecke operator by setting Tp0 =, "Tp and SS =Ty 28,
This normalization is to ensure ‘integrality’ later on, but will not be needed for the results

in this section.

We now explicitly write down the action of Hecke operators on the Fourier

coefficients.

40



Notation 3.2.3. For ¥ a Hecke character of conductor nJ,, let ¥* be the ideal character
defined modulo nJ, such that U*(p) = W(m,) if p t n and is zero otherwise (even if U is

the trivial character).

Proposition 3.2.4. Let f € Sp, . (n, V), then

a(e, fiTw) = > T*(b)Np/g(b) a6~ mr, ).
t+mCb

Proof. In order to make the calculation simpler we will only prove this in the special case
that F' has narrow class number one.! The extension of this case to general totally real
fields is simple since by Remark 3.1.8 we can understand the action on f by understanding
the action each of its components f;. Let m = mOp with m totally positive and, since
we are in the class number one case, we can pick t; = 1. Then f(yt;u) = fluoo(i) for

v € G(Q), u € U, so we can simply work with f. Then

FlTw= > > =D "rl(3h)

a,d be(Op/d) be(Or/d)
(ad)=m
(d,n):l

Now, the Fourier expansion of f is given by

f(z2) =) e(€) exp(2mi Tr(2)).

€0y

So, if we let

C(é— N k Z dk 1 fm/d2)

dlm
£/deOs,
then
fTm(z Z m*d " exp(2mi Tr(€za/d)) exp(2mi Tr(€b/d)) ()

Z
Z Z U(d dl_k exp(2mi Tr(ﬁmz/d2)) )
13

d|lm
£/deO?,

> C(¢) exp(2mi Tr(¢'2)) ()
¢

'Note that the general result is stated in [Shi78a, (2.23)].
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where we note that (%) follows from the fact that

_J1 i %
3 exp(2mi Te(€b/d)) = Npjo(d) = d' if¢/d € OF,

b 0 otherwise,

and (™) follows from replacing d with m/d. The result then follows by observing that
a(lO0p, f) =a(§)f’ and that w+1—k=vand k+2v—1=7r+ 1.
U

Remark 3.2.5. If one uses Notation 1.2.8, then r + 1 = ky — 1 which in the above

proposition we recover the more standard normalizations for this result.

Proposition 3.2.6. Let (—, —) denote the Petersson inner product. Then, for f,g € Sy ,(n, ¥)

we have
U (p)(£| T}, g) = (E.gTp)  forall (p,n) =1.

Proof. See [Shi78a, Proposition 2.4].
Ul

3.2.7. It follows at once that if f € Sy ,(n, ¥) is such that f|T;, = A(m)f for (m,n) =1
then A\(m) = U*(m)\(m), where @ denotes the complex conjugate of a. Moreover, note
that the Hecke operators at an ideal not dividing the level will be normal (i.e. commute
with their adjoints) from which it follows that they act semisimply, a fact which we will use

later on.

3.2.8 Newforms and oldforms

We now want to define the old and new subspaces of Hilbert modular forms.

Definition 3.2.9. Let ¢ : Sk (n, ¥) — Sk -(ng, ¥) be such that a(m, (4(f)) = a(mq~!,f)
(recall that a(b,f) = 0 if b is not integral), then this property alone uniquely determines
the operator. Furthermore, suppose the (finite part of the) conductor of ¥, denoted cy,
divides n, then we also have canonical injections ¢ : S (n, ¥) — S »(m, ¥).

Definition 3.2.10. Let q be a prime ideal in Op and ¥ a Hecke character of conductor
cy dividing n. We call the image of Sy ,(n, V) under ¢4 and ¢ the q-old subspace of
Sk.r(ng, ¥) and we denote it by

S (ng, ©).

With this we define q-new subspace
Sir " (ng, ¥)
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to be the orthogonal complement (with respect to the Petersson inner product) of

Sg'ﬁld(nq, V) in Sj »(ng, ¥). Similarly, for m any integral ideal of O, we can define

the subspace of m-o/d and m-new forms, by setting
S (nm, 0) @Sq Mm, ),
qlm

and defining the space of m-new forms to be its orthogonal complement. Lastly, we denote
by S¢1d(n, ¥) the subspace of S ,(n, V) generated by i4(f) for f € S .(b, ¥) for all b
such that ¢y | b and b | n (b # n) and q runs over all divisors of b~!n and S (n, ¥) is

its orthogonal complement.

Before moving on to the Atkin-Lehner theory we first state a result which will be

useful later on.

Proposition 3.2.11. Let (n,p) = 1. The matrix for the action of U, on S} M(np, U) is
given by
T, 1
—W*(p)N(p)"*t 0]

Sk (0,9)2 — SEM(np, )

(f:9) — o(f) + tp(9)

Proof. First note that the map

induces an isomorphism of Hecke modules. The result then follows by noting that
tp(9)|Up = t(g) and using Proposition 3.2.4. O

We now recall some ‘Atkin-Lehner type’ results for Hilbert modular forms.

Definition 3.2.12. We call f € SP(n, ¥) a primitive newform if a(Op,f) = 1 and it is a

simultaneous eigenform for all 7}, for p a prime ideal with (p,n) = 1.

Theorem 3.2.13. Let b C Op be a fixed integral ideal and £ € Sy, . (n, V) be such that
a(m, £) = 0 for all (m,b) =1 then £ € S} (n, V).

Proof. This is stated in [SW93, Theorem 3.1], but the actual proof is a generalization of
[Li75, Section 2, Theorem 2 and Corollary 1]. O

Corollary 3.2.14. If f€ Sp7°(n, V) then £ is uniquely determined (up to a scalar multiple)

by its eigenvalues.

Proof. This follows at once by noting that if f and g are both eigenforms for 7}, for all p
prime with (p,n) = 1 then f — g € SPl4(n, ©). O
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In fact, we have a much stronger version of this given by the following theorem:

Theorem 3.2.15. Let f € Sy, . (n, V) and g € S, ,(m, ®) be primitive newforms and assume
that they have the same eigenvalues for all Ty, with (b,nm) =1 then ¥ = &, n = m and

f=g
Proof. This is [SW93, Theorem 3.6]. ]

For any p prime ideal with (p,n) = 1 the Hecke operators T}, preserve Sp(n, ¥),
therefore one can find a orthogonal basis of eigenforms for the 7},. Moreover, using
Proposition 3.2.4 one gets, as in the case of modular forms over Q, that if f is a primitive

newform, then f|7, = a(p, f)f for all (p,n) = 1.

Theorem 3.2.16. Let £ € Sy, .(n, V) be a primitive newform and let V have conductor c.
Then for p | n we have:

(@) If vy = cp then | a(p,f) |= Npjg(p)Fo—1/2,

®) If ny =p and ¢, = 1 then a(p,£)*> = VU (p) Np/g(p)*o—2).

() If p* | n and ny, # ¢, then a(p,f) = 0.

Here (—), denotes the p component of the ideal.

Proof. This is [SW93, Theorem 3.3]. O

Let n = tvs with (t,s) = 1. Let ¥ be a Hecke character whose associated Dirichlet
character is ), and write ¢, = ¢1)s. We now define (following [SW93]) the Atkin-Lehner

involution.

Definition 3.2.17. Let U, be a Hecke character extending v, (with infinity type —r) and
choose y € G(Ay) withy = (29) € ( N Og) and det(y)Op = t. Then define

nog t
=2
We(We) : Spr(n, ) = Sy (n, UT2)

by
iV () (2) = Te(det(@)) e (bto,. ) ¥s(a)f(zy"),

where ty,Op = 0p and y* = det(y)y .

This operator has many very useful properties, one of which is that it sends
newforms to newforms. These results along with many others can be found in [SW93].

Lastly, we state a result which will be useful later when studying slopes.
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Theorem 3.2.18. Let v | n with (v,nv™!) = 1 and let f € Sy (n, V) be a primitive newform
with £ | W (V) = \(f)g and g € Sy, »(n, \I/@f) a primitive newform. Then

(a) For p a prime ideal,

®) | \f) |= 1.

Again with notation as in 3.2.3.

Proof. This is [SW93, Theorem 4.2 and Lemma 4.3]. O

3.3 Geometric Hilbert modular forms

In this section we will (following [AIP16b]) reformulate the definitions of the spaces of
Hilbert modular forms in a more geometric way which naturally generalizes to the p-adic
setting and is the basis for defining overconvergent Hilbert modular cusp forms.

To define the spaces of Hilbert modular forms for G' = Resp/q(GL2), we first
work with the group G* = G XRes,, e G where G — Respg Gy, is given by the
determinant morphism and G;,, — Resg/g G, is the natural diagonal morphism. We
will define the spaces of modular forms for G* and then, using a projector, one gets the
definition for G. The reason for working with G* is that the relevant moduli problem
associated to G* is representable while the one for G is not. We will begin by defining

these moduli problems and then show how to define the relevant spaces of modular forms.

3.31 Abelian varieties with real multiplication

Definition 3.3.2. Let S be a scheme. An abelian scheme A ;g is a proper, smooth and
geometrically irreducible’ group scheme over S. If S = Spec(K) is a point, then A /5 is

called an abelian variety over K.

It is not immediately clear that abelian schemes are commutative group schemes,

but this follows from the rigidity lemma.
Proposition 3.3.3. If A /g is an abelian scheme then it is a commutative group scheme.

Proof. See [MFK94, Corollary 6.5]. O

2This means that its fibre at every geometric point of S is irreducible.
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Definition 3.3.4. Let A be the connected component of the identity in Pic4 /- This is
called the dual abelian scheme of A.

Remark 3.3.5. The fact that A" is even a scheme is non-trivial in general. See [FC90,
Chapter IJ.

Definition 3.3.6. A polarization of A is a homomorphism X : A — AY such that
for each geometric point s of S, the induced map \s : A; — AY is of the form
@r:a— TPL® L for £ some ample invertible sheaf on A, where T, (b) = a + b.

Definition 3.3.7. Let F be a totally real field of degree g. An abelian variety with real
multiplication (AVRM,s) by a totally real field F' is an abelian scheme A — S of relative
dimension g together with an embedding of algebras ¢4 : O < End(A/S).

Definition 3.3.8. Let ¢ be a fractional ideal in F. For A5 an AVRM, one can define a
sheaf of Op-modules on the big étale site of S which associates to a S-scheme Y the
Op-module A(Y) ®0,, ¢. This functor is representable’ by an AVRM which is denoted
A ®o,. ¢ and is characterized by

A/A[c! if ¢! is integral,
p o A :
(AV@chHY  ifcis integral.

Moreover, we note that ¢4 induces a map ¢ — Homp, (4, A ®0, ¢).

Definition 3.3.9. Let
Symp, (4, AY) ={A: A= AV | X =AY, Xoua(r) = ta(r)” o Morall 7 € Op}

and let P(A) be the cone of polarizations in Symg,,.(A, AY). A Hilbert-Blumenthal
abelian variety over S (HBAV,g) is an AVRM A /g such that there exists a Op-equivariant
homomorphism A : A ®¢,. ¢ = A" inducing (¢,¢) = (Symy . (A, AY), P(A))). Such a
A is called a c-polarization. If X\ : A ®p,, ¢ — AV is an isomorphism, we say A satisfies
the Deligne-Pappas condition.

Remark 3.3.10. If the discriminant of F' in invertible in S then the Deligne-Pappas
condition is equivalent to the Rapoport condition which asks that for 7 : A — S the sheaf
T (9}4/5) is (Zariski) locally free of rank 1 over Og ® Op. See [Gor02, Chapter 3.5].

Definition 3.3.11. Following [Hid04], we consider the following fibered category A,
whose objects are triples (A, 14, ) /g where A is a HBAV /g with a c-polarization )\, real

3See (for example), [Dim03, Section 3.1].
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multiplication given by ¢4 and the fibre functor is (4,14, ) /s + S. The morphisms are
given by Op-linear morphisms f: 4/ — A//S of abelian schemes with A = f¥ o X o f.

Let us now consider the case S = Spec(C). Following [Gor02, Chapter 2, Section

2], we have the following example of an abelian variety with real multiplication by Op.

Definition 3.3.12. Let a, b be fractional ideals of Op. For 7 € HY let
Ar=a-7+b={a171 +b1,...,a07g+ by | a€a,beb} CCY

where a;, b; denote the images of a, b under the corresponding embedding of F' into C.
For f € Frand ¢ = (c1,...,¢4) € C9 welet f-c= (fici,..., fycqg). This then defines a
complex torus A, = C9/A, with real multiplication by Op.

Since we are over C, defining a polarization on A, is equivalent to giving a real

alternation form on A; (see [Gor02, Chapter 1, Section 6.1]).

Definition 3.3.13. Let r € (ab)*. Then define F, : a® b x a® b — Z by

Er((x1,91), (v2,92)) = Trpjg(r(z1y2 — 2291))-

Now, define E, - : A; x A; — Z by setting E, -((aT +b), (a'T + V') = E-((a,b), (a’,V)).
One can then show that (see [Gor02, Chapter 2, Corollary 2.10]) E, ; defines a

polarization on A if and only if r € ((ab)*)™.

3.314 Hilbert-Blumenthal moduli

In this section we will study the following moduli problem:

Definition 3.3.15. Let (A, ¢, \) in Af be as in Definition 3.3.11 (so \ is a c-polarization).
Let n be a non-zero ideal and let 1, denote the locally free group scheme of finite rank
given by pn(R) = {7 € G(R) ®z 05" |nz = 0}. Let nNZ = (N) and let M(c, 1) be

the Hilbert moduli scheme representing the functor
Epu, 2 Sch /Z[I/N] — Set

where &, (S) is the set of isomorphism classes of (4 /g, ¢, A, ®,). Here @y, : 1y — A[N]/g
is a closed immersion compatible with Op-actions. We call such a @, a p,-level structure

on A.

Remark 3.3.16. If we take p ) with N > 3, then the associated moduli problem is
representable by a scheme M (¢, j1(ny) (cf. [Gor02, Chapter 3, Theorem 6.9]).
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Let us now consider the C points of M (¢, itn). These parametrize quadruples
(A, i, \, @), where A is an abelian variety over C with real multiplication by O given
by ¢, a c-polarization and a fi,-level structure. We now have the following result: let

GL(a@b)t = {7 e (affl “(;;b) | det(y) € 0§’+}

acton M9 by (0}) 7= (822

Theorem 3.3.17. (1) The isomorphism classes of (A, 1)/ C such that there exists ¢ polarisation
A is parametrized by GL(a & b) T\ HY, where (ab)* = «.

(2) The isomorphism classes of (A,1)/C with a given ¢ polarisation \ is parametrized by
SL(a @ b)*\HY, where (ab)* = ¢ and SL(a @ b)" is the subgroup of GL(a @ b)* of

matrices with determinant 1.
Proof- This is [Gor02, Chapter 2, Theorem 2.17]. O

By fixing a set of representatives of C1(F')* of the form (c,c") one can show that:

Corollary 3.3.18. (1) There is a natural bijection between isomorphism classes of (A, 1)/C
and
[T GL(OF ® o) \H*
(e,cF)
and (A,1)/C is parametrized by GL(Op & )" if and only if there exists some c*-

polarisation on A.

(2) There is a natural bijection between isomorphism classes of (A, i, \) and

[ SL(Or @ o)\ .

(e,c)
Proof- This is [Gor02, Chapter 2, Corollary 2.19]. O]

3.3.19. We now need to take into account the py-level structure. Let N = n N Z,
and let yy be the set of N-th roots of unity, which we identify with N~'Z/Z via the
exponential map. This then induces an isomorphism p(y) = uy ® 0;1 = N*/O0%
which further induces i, = n*/O7.. So to give a fi,-level structure on A, we define an
inclusion &, : n*/0% — A, defined by ¢, -(j mod O}) = j + A,. So if we want
to parametrize quadruples (A, ¢, A\, ®,)/C we need to find the subgroup of matrices
in SL(Op @ ¢)* that preserve this level structure. Now, an easy check shows that
for v = (2%) € G(Q)* with v(7') = 7, multiplication by ¢’ + d = (¢;7] + d;);
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induces an isogeny (A7, ¢, A, ®n ;) — (Ar, ¢, det(y)A, (e’ + d)®y /). Therefore, if we
set I'{(c,n) = I'1(c,n) N SLa(F) ( with notation as in 3.1.6), we see that I'}(c,n)\HI
parametrizes isomorphism classes of (A4, ¢, A, ®,,)/C where ) is a c-polarization. It follows
that, for n sufficiently small, M (j1,, ¢)(C) = I'}(c,n)\HI.

Theorem 3.3.20. There is a natural bijection between isomorphism classes of (A, v, A, Py)

and

T[T Titem\He.

(cct)

Proof. This follows from Corollary 3.3.18 and 3.3.19. ]

If instead we consider the moduli problem associated to the functor
Eu, 1 Sch /Z[I/N] — Set

given by letting &,,(5) be the set of isomorphism classes of (A/g,¢, A, ®,), where X
is a polarization class.” One can then show that for n small enough, there is a coarse
moduli scheme M%(c, i) representing &, (see [Hid04, Theorem 4.5]). In fact, over C

the quadruples are parametrized by I'; (¢, n)\¢ and using the above, one has:

Theorem 3.3.21. There is a natural bijection between isomorphism classes of (A, 1, \, @)

and

[T Tile,m\#H =Y (Ui (n))

(cct)

with Uy (n) as in 1.3.7.

Proof. This is analogous to Theorem 3.3.20. This can also be deduced from [TXI16,
Proposition 2.4]. 0
3.3.22 Geometric Hilbert modular forms for G* and ¢

From now on p, will be a level structure (as above) for which the associated moduli

problem is representable.

Notation 3.3.23. Let M (c, i) denote the scheme representing the corresponding moduli
problem (for G*). Denote by M (c, i) (resp. M (¢, 1)) a fixed toroidal (resp. the minimal)
compactification of M (¢, fiy).

“Here we say that (Ays, LA, Oy (A’/S,L',X/, &) if there is an isomorphism f : A — A’ with
fod,=®, and A = f*\.
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Definition 3.3.24. Let A be the universal semiabelian scheme over M (c, 1), with real
multiplication by Op. Let e : M (¢, itn) — A be the identity section and define

wa = (Upariesm)

to be the conormal sheaf of A.

Remark 3.3.25. By the Rapoport condition there exists a greatest open subscheme

MR(C, pin) C M(c, j1y) such that wy is an invertible Ozr ®7 Op-module.

(€:pn)

We will use wy to define another invertible sheaf whose sections will be our Hilbert
modular forms. This sheaf will be associated to a classical weight &, from which we can
then define the spaces of Hilbert modular forms for G* of weight k (and appropriate level).
Since we will later be interested in constructing space of overconvergent Hilbert modular
forms, which are p-adic objects, we will define the spaces over a p-adic field (although

this construction can be done over C which recovers the definitions in Section 3.1).

Definition 3.3.26. We define a classical algebraic weight for G* as a map from T(Z,) to
C, defined by an element k € Z‘%O, as usual.

Definition 3.3.27. Let k be a classical weight for G*. Then, define the invertible modular

sheaf
k._ kv
Q= ® WAy

VEY o

where wy , := wyq ®, Of, and here ®, denotes the tensor over O, ® OF via 1 ® .

Definition 3.3.28. The L-vector space of c-polarized, tame level ' (¢, n) and weight &
Hilbert modular forms for G* is defined by

R
Mk(r%(ca n)) = HO(M (C, Mn)v Qk)
The subspace of cusp forms is defined by
R
Sk(Ti(e,n)) == HO(M (¢, jun, (= B)),

where B := M (c, ptn)\M (¢, f1n) is the boundary divisor in the toroidal compactification.

To define the spaces of Hilbert modular forms associated to G, we need to
introduce a certain projector. First, we note that, by 3.3.19, multiplication by € € O;’+
gives an isomorphism (A, 1, X, ®) 2 (A, 1, €2), e®). Now, let G, be the elements of O
congruent to 1 modulo n. Define an action of O := 0" /&2 on M(c, jin), by

€- (A1, A\, @) := (A, 1,e\, D).
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Since multiplication by € gives an isomorphism € : A — A such that €*\ = €2), it follows
that, if € = n? € &, then € acts trivially on (4, ¢, \, ®); hence the action factors through

O as required.

Definition 3.3.29. Let (k,r,n,v,w) be a weight tuple with (k,r) a classical algebraic
weight (for G). We define an action of O on 2 by sending a local section f of Q¥ on
MR (c, py) to

(- f): (A, 1, ®,8) = w(e)f(A eI\ ®,5)

where € € (’);’Jr and [ is a local generator for wg as a Oyr( ) ® Op-module. If
€ = n? € Gy, then this acts trivially. Hence the action factors through 9. With this we

define a projector
ekt Mip(Ti(c,n)) — My (Ti(c,n))

by

We can now define the space of Hilbert modular cusp forms for G.

Definition 3.3.30. The L-vector space of classical Hilbert modular forms for G of level
I'(n, ¢), and weight (k,r) is defined to be the image of ¢, and is denoted MIST(Fl(c, n)).
Similarly, we let S& (T'1 (¢, n)) be the image of Sy (I'}(c,n)) under e .

We now have a similar situation as before, in that these spaces will not be fixed
by the Hecke operators. In fact, note that F*>* acts on the pairs (c,c) by €(c,c) =
(ec, ec™), which induces an isomorphism . : Mgr(Fl(c,n)) — MET(Fl(ec, n)). More-
over, if € € O;’Jr, then a(f) = f forall f € M,gr(rl(c,n)).

Definition 3.3.31. We define the space of classical Hilbert modular forms for G of level
Ui(n) and weight (k,r) denoted M,ST(Ul (n)) as V/I where

V=P MZ,(Ti(c,n)
(c.ct)

¢, ct
and [ = (f — O‘E(f»ee(FX#/O;**)' We define Sgr(Ul (n)) similarly.

On M,ST(Ul (n)), Sgr(Ul (n)) one can define Hecke operators as in [Hid04, Sec-
tion 4.1.10].

Remark 3.3.32. We note here that there are other ways of defining Hilbert modular forms
for G as sections of a sheaf Q%" on M%(c, uy) (cf. [TX16, Section 2.2]). Working over
C one then recovers the spaces S (I'1(c,n)) as defined in Corollary 3.1.6. To see the
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relationship with our definition one observes that there is a morphism m : M(c, p,) —
M (¢, 1) which is finite and Galois, with Galois group ® such that Q5" = (m..(QF))®
(cf. [AIP16Db, Section 1)).

3.4 Overconvergent Hilbert modular forms

In this section we will give a short overview of the constructions of spaces of overcon-
vergent Hilbert modular forms together with some of their properties. The details of the

construction as well as proofs can be found in [AIP16D].

3.41 The weight space

The weight space is a rigid analytic variety that allows us make precise the notion of
modular forms ‘living’ in p-adic families. We will also define the weight space for G* and

G and show how they are related.

Definition 3.4.2. We define W€ to be the rigid analytic space over L associated to the
completed group algebra OL[T(Z,) x Z,]. We call W the weight space for G. Moreover,
let

(=] : T(Zp) x Zpy — OL[T(Zp) x Z;]*

denote the universal character of WC.

3.4.3. Tt follows from the above definition that the weight space W is the rigid analytic
space over L, representing the functor sending any L-algebra A to Hom,(T(Z,) X
Z, , A*). Moreover, we note that T(Z,) x Z; = H X 7%, where H is the torsion

subgroup of T(Z) x Z,;. From this it follows that

W= HY x B(L1) M = | | W, @)
x€EHY

as rigid spaces, where H" is the character group of H and B(1,1) is the open ball of

radius 1 around 1. It is clear from (@) that W is equidimensional of dimension g + 1.

Notation 3.4.4. Elements of W& (C,) will be given by v : T(Z,) — Cy andr:Z; —
C,. Setting n = —2v + 7 and k = n + 2, we will continue to denote these weights as
(k,7) and call (k,r,n,v,w) a weight tuple if k,r,n,v,w satisfy the same relations as
in Definition 1.2.7. More generally, if {[ is an affinoid with a morphism of rigid spaces

4 — WE, then we will denote by (s, ") the restriction of the universal character to 4.

Definition 3.4.5. Let (k,7,n,v,w) be a weight tuple with (k,r) € Z** x Z a classical
algebraic weight. This defines an algebraic weight by sending (a,b) € T(Z,) x Z,; to a®".
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Notation 3.4.6. There is a natural map T(Z;) — T(Z;) x Z, given by

t— (t7%, Npjglt)). ()

In this way we view weights (k,7) € W& with (k,7,n,v,w) a weight tuple as maps
T(Z,) — C,, given by t — n(t).

Definition 3.4.7. The weight space W is defined by setting WY to be the rigid
analytic space over L associated to Or[T(Z,))], where T and L are as before. There is a
canonical map W& — WY induced from (&).

Notation 3.4.8. Let 7 denote the Teichmiiller character, and for s € Zgzo we let 7° be

the character of T(Zp);ors which is 7% on the i-th component.

Definition 3.4.9. A weight (k,7) € WY is called arithmetic or classical if it is the
product of a algebraic character and a finite character ). We will denote such weights
by (k,7) or simply as (ky,r) with the understanding that we require x,r to both be
algebraic. We will usually let 1) be a character of Of, of conductor dividing p*, viewed as

a character of T(Z,) (via strong approximation).

Remark 3.4.10. In the literature there are slightly more general weight spaces than the
one we have introduced. One alternative way of defining the weight space is to let W'
denote the rigid analytic space associated to the completed group algebra O [T(Z,)],
where T is the standard maximal torus of G. The problem with this weight space is
that it contains too many weights for which the associated spaces of modular forms
would be empty. For this reason one usually imposes suitable vanishing conditions on
these weights. See [Buz07, Part III] and [Urbll, 4.3.2]. The weight spaces one gets this
way conjecturally have dimension g 4+ 1 (dependent on Leopoldt’s conjecture). For this
reason we have chosen to work with YW which has the correct dimension. Moreover,
if Leopoldt’s conjecture is true then the resulting eigenvarieties for the different weight

spaces will be isomorphic.

We will later want to study the geometric structure of the associated eigenvarieties.
For this, we define here the centre and boundary of the weight space. We begin by
thinking of the weight space as an adic space. In this setting, one defines (following
[AIP16a]) Woadic = Spa(Ag, Ap)®", where Ap = AL[H] with A} = OL[T1, ..., T,].° To

see what the boundary should be, we can restrict to the trivial component of the weight

5Note that here, for consistency, we are defining the weight space over Or, but with more care one can
work over Z, which is more customary when discussing integral models, see [AIP16a, Section 2], but we do
not need this here.
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space, i.e.,, W? = Spa(A%, A%)%", where A% has the (p, T, ..., T,)-adic topology (here

p is assumed unramified in F’).

Definition 3.4.11. Now define a continuous map (cf. [Schl4, Proposition 3.3.5]) ¢ : W9 —
[0, 0] by

<10g Ti(@)]  log Tg+1(5ﬁ)|>
logp(#)| """ log|p(%)|

where T is the maximal generalization of z. Note that log |7;(Z)| and log |p(Z)| take
values in [—00, 0) since the 7; and p are topologically nilpotent. From this it follows that
c(x) = (0,...,0) if and only if |p(Z)| = 0. Moreover, we note that we cannot have z such
that only some of the entries of ¢(z) are zero, i.e., we cannot have c(z) = (0,22,...,24)
with z; # 0. With this set-up, being near boundary of the weight space (in this component)

is the same as having a point z € W' with ¢(z) close to zero.

As an example of weights that are near the boundary, we can take a classical
weight (ky, ) where 9 is a character sufficiently ramified at every prime above p. Now
a natural question is, what if we take ¢ a character only ramified at some of the primes
above p? It is not clear to the author if these points should morally be in the boundary
of the weight space of in the "centre", for this reason we define a quasi-boundary (which

contains the boundary) as follows:

Definition 3.4.12. Let x = (K1, k2, ..., K,y) be a weight on T(Z,) = H x Zj. Fox a fixed
choice of h € H, i.e. for a fixed component, let ; be a topological generator of the i-th
copy of Z,. Then, define w(x) = (k;(7;) — 1) € Cy. In this way we obtain a coordinate in
the weight space for each of our weights. We also set val,(w(x)) = min;{val,(x;(vi)—1)}
and say that for an odd prime p (resp. p = 2), a weight & is near the guasi-boundary if

valp(w(k)) <1 (resp. vala(w(k)) < 3), otherwise we say it is near the centre.

Later, when defining the spaces of locally analytic functions it will be convenient
for us to extend the definition of the weight space from T to 7', which denotes the maximal

torus of GG. We do this as follows:

Definition 3.4.13. Let (k,7,n,v, w) be a weight tuple with (x,7) € W& and set

Ao (g 2) = \i(a)Aa(d)

where A\; = (r +n)/2, Ao = (r —n)/2.

Remark 3.4.14. Note that if we map T'(Zy) to T(Z,) x Z} via (§9) — (a/d,Norm(a))

then our weights on 7" and T agree.
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Remark 3.4.15. Using this, we talk about weights A on 7" where we implicitly assume
that there is some (#,7) € WY such that A\ = A, .. This construction then lets us take a
weight WY and get a weight in WV’ as in Remark 3.4.10.

3.416 Overconvergent spaces

Our goal is now to associate to each weight (x,7) or family of weights (k%, %), a space
of overconvergent Hilbert modular forms. There are several constructions of these spaces
but we will be interested in the construction given by [AIP16b]. In this case, one defines an
overconvergent sheaf which interpolates the sheaf QF from Definition 3.3.27. Using this,
one can then define the spaces of overconvergent Hilbert modular forms for G* and then,
using a projector, define the spaces for GG. The construction of the overconvergent sheaf
can be found in [AIP16b, AIP15, AIS14, Hatl6], so we only give some of its properties.

Let f be the number of primes above p in F' and let ¢, € Q' be a multi-index
with 0 < ¢; < p%n for m > 1. Let M(c, j1y) and M (c, 1) denote the formal completions
of M (¢, in), M (c, jt) along their special fibres. Now, let M(c, i), M (¢, 1) denote
the rigid fibres of M (c, f1n), M (¢, p1n) respectively and let M(c, s, trm), M (€, fins tn)
denote the neighbourhoods of the respective ordinary locus defined by the condition that
val,(hp,) N[0, 1] < t;, where hy, are the partial Hasse invariants as defined in [AIP16b,
3.2.1].

Now, the overconvergent sheaves are defined over formal models of M (¢, fin, t.,)
and M (¢, fin, tm ), which are obtained as follows: let M (¢, fin, tm)) (resp. M (¢, fin, tm))
be the normalization of the formal model of M(c, yin, tm) (resp. M (¢, fin, 1) ) given
by taking iterated blow-ups along the ideals (hy,, p) of M (¢, i) (resp. M (¢, pn) ) and
removing all divisors at infinity. Then on 9(c, ftn, t,,)) We can construct the following

sheaves:

Theorem 3.4.17 (Andreatta-Tovita-Pilloni). For every m-analytic weight (r,7) € W (L)
there exists a coherent sheaf QF(57) of Omc
analytic fibre M(c, pn, t,,) is invertible.

More generally, to each affinoid $\ with a morphism 4 — W and m such that

n tm)-modules whose restriction to the rigid

(k) s local{y m.-analytic, one can attach a coherent sheaf QM) of Ot o) il
modules where 3\ = Spf(A) is the formal model of 3, where A consists of power bounded
elements of 1. Moreover, the restriction of Qb 4o the rigid fibre is invertible. Lastly, if
(k,r) is a classical weight, then Q%) agrees on M(c, pin, tm) with the classical Q%) as
in Remark 3.3.32.

Proof- See |AIP16b, Sections 3.4-3.5]. O
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Remark 3.4.18. In general, the Qb4 and Qf (k) depend on m, but when restricted
to the rigid fibres, they are independent of m, for this reason we have suppressed the

dependence on m. See [AIP16b, Proposition 3.9 and Proposition 3.13].

Using these sheaves, one can then define the spaces of ¢,,-overconvergent cuspidal

Hilbert modular forms for G* of weight (,l{u7 ru) by setting
Vi T
SHTL(e,n), ) = HOMU(e, pin, ) x 81, QB (- B))

where B is again the boundary divisor. From this, one then uses a projector to define
families of ¢,,-overconvergent cuspidal Hilbert modular forms for G of weight (k%)
denoted SE’T(Fl(c, n), ¢y, ). Moreover, taking il = Spf(L) gives Sg;«T(I’l(c, n),tm).

Theorem 3.4.19. Let 1 be an admissible open affinoid of WC and (k%,r%) as in 3.4.4. Let
A be the algebra of power bounded elements of 1. Then for an appropriate® choice of m and
tm the spaces SS’T(Fl(c, n),tn) are Banach (A ®p, L)-modules satisfying (Pr). Moreover,
for any weight (k,7) € U(L) there is a natural specialization map

5571. (Fl(c’ n)a tm) — Ss;j(rl(ca '(1), tm)

which is surjective.

Proof. This is [AIP16b, Theorem 4.4].
O

As before, these spaces have an action of F'*'", so they will not be fixed under

the action of Hecke operators. In particular, we have:

Lemma 3.4.20. Let € € F* and assume that € is also a p-adic unit. Then there is a

canonical isomorphism
L STT (e, n), 1) — STT(Dy (e m), )
which only depends on € modulo totally positive units.
Proof. This is [AIP16b, Lemma 4.5]. O
Definition 3.4.21. Let

S (U (), 1) = ST T1(en), ) | /(L) = Fecprinery o
c€Frac(F)®)

This means such that x* is me-analytic (see Definition 4.2.2)
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be the Banach module of tame level U, t-overconvergent cuspidal arithmetic Hilbert modular
forms for G with weights parametrized by 4. Here Frac(F)® is the group of fractional
ideals prime to p and Princ(F)* () is the group of positive elements which are p-adic
units.

Moreover, taking the limit over ¢ we get Frechet spaces SS ’T(U 1(n)) which give

a quasi-coherent sheaf of overconvergent cuspidal arithmetic Hilbert modular forms
SET(Uy(n)) over WY, whose value at an open affinoid & C W is Sg’T(Ul (n)).

Remark 3.4.22. Note that taking 4 = Sp(L) with image (x,7) in W% will give the
spaces of this fixed weight.

Following [AIP16b, Section 4.3], for q prime to the tame level, one can define
commuting Hecke operators Ty, Sy action on S%T(U;(n)). Moreover, for p[p one can
define operators U, such that U, =[], Uy ®) for e(p) the ramification degree of p.

Proposition 3.4.23. The U, operator is a compact operator on SE}T(Ul (n)) for any weight

(k, 7).
Proof. This follows from [AIP16b, Lemma 3.27]. O

Definition 3.4.24. Let h € Q>¢. We say an element f € Sg;«T(Ul (n)) has slope-< h for
Up (resp. U, for p|p) if it is annihilated by a unitary polynomial in U, (resp. U,) whose

roots have valuation less than h.

Remark 3.4.25. Note that if f is in fact an eigenform, then having slope-< h for U,
(resp. Uy) is saying that the p-adic valuation of the U, (resp. Uy) eigenvalue is less than h.

Notation 3.4.26. For each v € X, we have a field embedding ¢, of F' into C given by v;
this map extends to a map F), —> @p and then factors through the projection F}, — F}
for some p above p. This then gives a natural surjection ¥, — X, where v — p,. For
each prime ideal p € X, let X, be the set of v € X, factoring through the projection
F, = F,.

Definition 3.4.27. Let (k, 7, n,v,w) be a weight tuple with (k,7) be a classical algebraic
weight. For each prime ideal p; € ¥, we define vy(k,7) = Ziezp v;. If (k,r) is any

classical weight, we define v, by considering the algebraic part of the weight.

Theorem 3.4.28 (Control Theorem). Let (k,r) be a classical weight in WC. Let f
S,?;,T(U) be a finite slope (for Up,) overconvergent Hilbert modular form whose U, slope is less
than h; for p; € Xp. If p is unramified and h; < vy, (k,r) + minjes, {k; — 1} for all i,

then f is a classical form.
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Proof. See [TX16, Theorem 1. O]

We now wish to use Buzzard’s Eigenmachine to construct the eigenvariety of
Hilbert modular forms. One of the key ingredients is the existence of links which is
checked explicitly in [Hatl6, Section 3.3.3].

Theorem 3.4.29. Associated to the eigendata of (W, SET(U1(n)),T,U,) we have an
eigenvariety 2 (U1 (n)) with the following properties:

(a) It is equidimensional of dimension g + 1.
(b) There is a universal character  : T — Oy .
(c) Thereisamap o : 2 — WC that is locally on 2 and WC, finite and surjective.

(d) Forall (k,7) € WY, the points o™ (1, 1) are in bijection with the finite slope eigensystems
occurring in SE1(U1(n)) |,r= Sgﬁ(Ul (n)).

Proof- This is [AIP16b, Theorem 5.1]. ]
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Chapter 4

Totally definite quaternionic

modular forms

Following [Buz07, Part III], we will define classical and overconvergent modular forms on a
totally definite quaternion algebra D over F' and prove the control theorem in this setting.
In contrast to [Buz07], we will work with the weight space W& which has the advantage
of being equidimensional of dimension g + 1 (recall [F': Q] = g). Apart from this small
detail, the rest of our construction spaces of overconvergent quaternionic modular forms
over F' follows [Buz07, Part III]. Throughout this chapter our chosen prime p may be

ramified unless otherwise stated.

4.1 Classical spaces

We will define the spaces of classical quaternionic modular forms using a definition that,
compared Section 1.2 , is more suited to p-adic interpolation; the crucial difference being

that the actions are ‘shifted’ from the infinite places to the places above p (cf. 1.2.4).

Notation 4.1.1. (1) Let D/F be a totally definite quaternion algebra split above p. Note
that this means we have an isomorphism Op ®o, O, = M(O)), where Op is

the maximal order of D and O, := O ® Z,. This then induces an isomorphism
Dp = GD<Fp) =D ®F Fp = MQ(Fp>

(2) Let m, denote the uniformisers of F}, and 7 € O, be the element whose p component
of Oy is my. For s € Z*» we let m° = (m,"). By abuse of notation we also let 7 denote

the ideal of OF which is the product of all the prime ideals above p, i.e., the radical of
pO F-

(3) Let Gp/Qp := Resp/g(D*) x Qp, which is a connected reductive linear algebraic
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group over QQ, (via our choice of splitting). Let 7" be the standard maximal torus, B
the standard Borel subgroup, and the unipotent radical N. We denote by B and N be
the opposite Borel and opposite unipotent radical. Let I C Gp(Z,) be the standard
Iwahori subgroup in good position with respect to B (in good position means that

B,N,T,Gp, N have fixed compatible integral models over L)

I — {(Z Z) € G(Z,) ycewmop},

with I = I = Iy 1) and let I, = N(Zy) N I,

(4) For m € Zzﬁ, set

Furthermore, we set

TH = {t e T(Qp) | IN(Zp)t ™" C N(Zp)} = { (g 2) €T(Q) |ab~" € Op}

and

T = {t e T(Q) | EN(Z) " = {1}} = {(0 2) €T(Qy) | ab € pop} -
>0

With this we define the semigroup A =TI T*1. Note that the Iwahori decomposition
tells us that
I= TlT(ZP)N(ZP)a

and hence any § € A can be written uniquely as § = fstsng with mg € I1,t5 €
Tt ns € N(Zp).

Definition 4.1.2. Let (k, 7, n, v, w) be a weight tuple with (k,r) € Zg‘(’f X Z. Let Vj, be the
ven, 2, withm € Z55, 0 < my < ky — 2.
We define a right action of A = IT* on this space as follows: for v = (Vy)pes, =
(ap bp) € A, let

p

cp dp

L-vector space with basis of monomials ||

Mg Ny Vy aVZV+bV e
v El;[ Z0s —s el;[ (evZy + dy)™ det(y) <Cst+dv>

Note that here (following [Buz07]) we have adopted the notation that for ay (resp. by, ¢y, dy)
we let ay (resp. by, ¢y, dy) denote the image of a, under the corresponding map ¢ o ¢, for
v € Yy as described in 3.4.26.
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Let V;, ,(L) denote the resulting A-module.!

Definition 4.1.3. Let U be an open compact subgroup of Gp(Ay), such that its image
under the projection U — D lies in I;, for some m € Zg’(’) withm > 1= (1,...,1)
(with the natural ordering) and let (k,r,n,v,w) be a weigl';t tuple with (k,7) € W% a
classical weight. The space of quaternionic modular forms over D of weight k and level U,

denoted S,QT(U), is the space of functions
f:Gp(Af) — Vau(L)
such that:

(a) For v € Gp(Q), we have f(vg) = f(g) for all g € Gp(A).

(b) For u € U we have f(g) = f(gu™') - u, for all g € Gp(A), where u,, denotes the
p-part of u.

Remark 4.1.4. By choosing a field homomorphism L — C one can base change this
construction to C and again give them an action of U at infinity. The resulting spaces
will be isomorphic to those defined in 1.2.9, with X p = ().

4.2 Overconvergent spaces

We are now going to define the spaces of overconvergent modular forms for D, which
interpolate the classical spaces. For this we need to find a larger A-module containing
Vaw(L), so we work with the spaces of locally analytic functions.

4.21 Locally analytic functions

Let X C Qjp be open and compact.

Definition 4.2.2. For a finite extension L/Q),, we say a function f : X — L is L-analytic

if it can be expressed as a converging power series

f(xh cee 7-758) = Z Aty ..t (951 - al)tl T (st - as)t57
i1 ts

for ay, 4, € L, and some (aq,...,as) € X. We say it is algebraic if almost all o’s are

Zero.

'Note that since we have chosen weights such that n + 2v is parallel, O;‘Jr will act trivially, when

embedded diagonally into I via O — O, — M2(O)).
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Definition 4.2.3. For m € Z%, let A(X, L,m) be the L-vector space of m-locally

m

analytic functions, i.e., functions that are analytic on balls of radius p~™ covering X.

Then A, (X, L) is a p-adic Banach space when X is compact. We let
AX,L) = | AX,L,m).
m>0
This is the space of functions f : X — L that are m-locally L-analytic for some 7.
We now define the A-modules that we will be interested in.
Definition 4.2.4. We begin by identifying O, with an open compact subset of Qj
compatible with the identification of I as an open compact of Qgg . We then consider
A0y, L) = | ] A0, L,m).
m>0

This is a A-module with the following action. For (k,r,n,v,w) a weight tuple with
(k,r) € WE(L), f € A(Op, L), y=(2Y) € Aand z € Op, let

(7 2)(:) = nles + dotaent)f (£ 10).

We denote this module by A,, ,(O,, L).

Lemma 4.2.5. For (k,7) € WY there exists a smallest m(r,r), such that for all m >
m(k, ), (k,7) is m-locally analytic.

Proof. See [Urbll, Lemma 3.2.5]. ]

From this it follows that

An,v(opy L) = U -An,v(Opy L, m)7

m>m(k,r)

where A, ,(O,, L, m) is the A-module A(O,, L, m) with the action defined as above.
More generally, since we wish to consider families of modular forms, one can extend this

definition as follows:

Definition 4.2.6. If {( is an affinoid subdomain of W¢ defined over a finite extension
L/Q, and (k*, %) is the restriction of the universal character to 1, then we define

Aﬂ(Opv L) = Anu,vu(opv L)>

with the action of A defined analogously where (%, 7', n* v* w") is a weight tuple.
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It follows from [Urbll, Lemma 3.4.6], that there exists a smallest integer m({l)
such that (k' 7%) is m(4)-analytic. Moreover,

Au(0p, L) = | Au(Op, L,m).

m>m()

Lemma 4.2.7. Let 84 € WC be an affinoid subdomain defined over L, (k,r,n,v,w) a
weight tuple with (k,7) € W(Q,), and m > m(Ll). Then there is a canonical bicontinuous
isomorphism

Ay(Op, Lym) = O(N@ LAy (Op, L,m).

In particular, Ay(Op, L, m) is a non-trivial O(L)-ONable Banach space and for m > m(4),
the inclusion map Ay(Op, L,m) C Ay(Op, L, m + 1) is completely continuous.

Proof. This follows from [Urbll, Section 3.4.4]. Specifically, it follows from Lemma 3.4.9,
Corollary 3.4.10 and Remark 3.4.12 of loc. cit. O
4.2.8 Overconvergent quaternionic modular forms

Definition 4.2.9. Let (x,7,n,v,w) be a weight tuple with (k,7) € WY(L) and U
be an open compact subgroup of Gp(Ay), such that its image under the projection
U — D, lies in I, for some m > 1 and t € ZE’(’) is such that ¢t +m > m(k) . The
space of overconvergent quaternionic modular forms of weight x, level U and radius of

overconvergence p_ ¢, denoted S£ }T(U, t) is the space of functions
f:Gp(Af) — Any(Op, L, 1)
such that

(a) For d € Gp(Q), we have f(dg) = f(g) for all g € Gp(A).

(b) For v € U we have f(g) = f(g7 ') - for all g € Gp(A), where v, is the p-part of
7.

If & C WY is an affinoid subdomain defined over L and ¢ > m(4l), then define Sﬁ) (U, 1)

to be the space of functions
f:Gp(Ay) — Ay(Op, L,t)

satisfying (), (b) above. Lastly, taking the limit over ¢ we obtain Fréchet spaces Sty (U).

We now have the following useful result which describes how the radius of

overconvergence and the level are linked.
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Proposition 4.2.10. Let U = U.(n) for = € {0,0,1} with p { n and let (k,7) € WC. If
we take s1, so such that sy + sa +t > m(k), then we have a canonical Hecke equivariant
isomorphism

SPHUNTy(n),t + s1) 2 SZHU N Up(n1752), ).

Proof. See [Buz07, Proposition 11.1]. O

Remark 4.2.11. Note that in this way we can view classical forms of level Uy(7*) and

non-trivial character at p as ‘part of’ our eigenvariety of level Up().

4.3 Hecke operators and the Control Theorem

Following Section 12 of [Buz07], we define the Hecke operators on these spaces.

Definition 4.3.1. For U’ = U N U;(n*) with U = U,(n) with n coprime to 7, we call n

the tame level and 7° the wild level.

Notation 4.3.2. If v is a finite place of F, such that D, is split, then let 7, € D? be the
element which is the identity at all places different from v and at v it is the matrix (78 (1)),
for 7, a uniformizer of F,. In order to ease notation later on, when v|p we choose the

same uniformizers as we had before.

Definition 4.3.3. Let U have tame level n and wild level 7°. For each v as above, we
define the Hecke operators T, as the double coset operators given by [Un,U]. Moreover,
if v is coprime to level, then we can regard 7, as an element of the centre of D; and we
denote by S, the operator [U,U]. Lastly, for each p € ¥, let U, denote the operator 7,
and let Up = [[,c5, Up. We denote by T' = TP (U), the Hecke algebra generated by the
operators” Ty, Uy, where q { nd with @ = Disc(D) and p € 5,

We now want to show that the overconvergent quaternionic modular forms of
small slope are classical. To do this we will follow the proof of the case F' = Q in [Buz04,

Section 7]. We begin with some preliminaries.

Lemma 4.3.4. The U, operator acting on Sf’T(U NUy(7%),t) for s+t > m(Y) is compact.
In particular, this holds for the spaces S,Q}T(U NUy(7%),t) for s+t > m(k,T).

Proof- See [Buz07, Lemma 12.2] or [Urbll, Lemma 3.2.8].
O

Proposition 4.3.5. Let f € SQ}T(U NUy(m%),t) with s +t > m(k,r). If Upf = \f for
some non-zero \, then f € SE3 (U N Uy(n®), '), for any t' <t such that t' + s > m(k).

Note that these operators are independent of choice of uniformizer for v not dividing p.
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Proof. This follows easily by noting that U, f € S,Q}T(U NUy(7®),t — 1) and then using
Proposition 4.2.10.
O

Definition 4.3.6. Let (k,7) be an algebraic weight and let
ki = (klv coskiz1,2 — ki ki1, . kg).

Note that if &£ = 2w — r then x; = 2w’ — r where w} = wj for j # i and w; = v;. For

eachi € {1,...,¢g} corresponding to a place in ¥, we define a map
©; : SPI(U,0) — SP1L(U,0)

by setting )
0% f(h
N §zri!

)

©i(f)(h)
for h € GD(Af).

Note that f(h) € A, (Op, L, 0) so it can be written as a converging power series
Ky —1

in variables (21,..., zg), so 88/{7{(1}1) makes sense. Moreover, one needs to check that ©;
z, "

is actually well-defined, but this follows at once from the simple check that for any v €
we have ez(f)|’y = @z(ﬂ'y)

Theorem 4.3.7 (Control Theorem). Let U' = U,(n) with (n,7) = 1 and U = U' N
Ui(7®) for s > 1 and let (k,r) be a classical weight. Let | € SIQ;T(U, t) be an eigenform for
each U, with eigenvalue oy, If for each p;|p we have

vy, (k1) + minjegpi{kj -1}

Valp (O‘m ) < )
ep.

where ey, is the ramification degree, then f € SP (U) (in other words, f is classical).

Proof- We will only sketch the proof, but the full details® can be found in [YamO07, Theorem
2.3]. First note that if ©;(f) = 0 for all 7 then f must in fact be classical. The task is

now to give a criterion for f to be in this kernel based only on the slope of f. Now,

let Ugi = Tr,;vpi(k’r)Upi which has operator norm < 1. Then any eigenform of Ugi

with negative slope must in fact be zero. Now ©; sends Ug-eigenforms of slope h to
minjes,, {k;—1}

o , from which one can deduce the result.

Ugi-eigenforms of slope h —
O

3Up to normalization
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Using the above and the Eigenmachine we can construct the eigenvariety associated

to overconvergent quaternionic modular forms for D /F.

Theorem 4.3.8. Let U = U' N Uy(w) with U’ having level n coprime to 7. Let % be the
spectral variety defined as usual and T = TP (U) as defined in 4.3.3. Lastly, let SP"T(U)
be the coherent sheaf given the nuclear Frechet spaces SE’T(U) where AL is an affinoid with
a morphism 1 — WC. Associated to the eigendata of (W, SP1(U),T,U,) we have an
eigenvariety Zp(U) which is equidimensional of dimension g + 1 and satisfies the conditions
of Theorem 2.4.5.

Proof- The existence of such an eigenvariety and the fact that it is equidimensional follows
from [Buz07, Section 13]. The fact that is it is equidimensional of dimension g + 1 is due

to the weight space that we have used. ]
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Chapter 5

Overconvergent cohomology

groups

In this section we will very briefly recall the construction of the eigenvarieties associated

to overconvergent cohomology groups. The full details of this construction can be found
in [Hanl?].

5.1 Classical cohomology groups

Let Yp(U) be a Shimura variety as in Section 1.3 associated to a quaternion algebra D
(not necessarily totally definite) and a sufficiently small level U. We define local systems on

Yp(U).
Definition 5.1.1. (a) If NV is a right U-module, denote by L£(N) the sheaf of locally

constant sections of the cover

N := GD(Q)\(GD(A) X N)/UC'; — YD(U),
with left action of Gp(Q) and right action of UCY, on Gp(A) x N given by

7+ (g,n) - ue = (ygue,nu)
fory € Gp(Q), g € Gp(A),n € N,u € U and ¢ € CT (see 1.2.2 for the definition
of CY).

(b) If M is a Q vector space with a right action by Gp(Q), we again denote by L(M)

the sheaf of locally constant sections of the cover

M = Gp(Q\(Gp(A) x M)/UCS, — Yp(U),
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with left action by Gp(Q) and right action by UCY on Gp(A) x M given by
v (g,n) - uc = (ygue,ny) for y € Gp(Q), g € Gp(A),n € N,u € U and c € CF.

In both cases the local systems will be trivial if Zyy = Zg,,(@) N U does not act
trivially on NV or M, where Z , is the center of G p.

Remark 5.1.2. Note that it is possible to have a module M, which is simultaneously a right
U and G p(Q) module. In particular, if we are in the case where M is a Gp(Q))-module,
and both U and Gp(Q) act through this action, then in this case it is easy to see that

both the local systems defined above will be isomorphic.

Now choose a finite resolution Fy(t;) — Z — 0 of Z by Z[I'*(U)] modules of
finite rank (here ¢; and I''(U) are as in 1.3.2 and 1.3.4). This is called a Borel-Serre
resolution, since its existence relies on taking the Borel-Serre compactification of a certain
manifold (see [Urbll, Lemma 4.2.2]).

Definition 5.1.3. Let /N be a left U-module and set

C*(Yp(U),N) = @ Homgr| (Fe(t:), V).

If we take this complex and compute its cohomology groups, we get H*(Yp(U), L(N)).

Remark 5.1.4. One can define an action of the Hecke algebra on these cohomology
groups or directly on the complex. For the relevant definitions see [BS13, Section 1.5.2] or
[Urbll, Section 4.2.6].

We now need to define some local systems to work with.

Definition 5.1.5. Let V,, ,,(L) be as in Definition 4.1.2. This then gives us a local system
whose cohomology groups H*(Yp(U), L(V,,,(L)Y)) are classical cohomology groups. Here
Vinw (L)Y denotes the L dual of V;, ,(L).

Remark 5.1.6. In the above definition one usually takes L = C, but since we are
interested in constructing eigenvarieties, we will work with L being a ‘sufficiently large’
finite complete extension of Q,. But note that if we tensor the resulting spaces by C, then

we will end up with the same (classical) cohomology groups.

We now have the following important result relating the spaces of modular forms

to the classical cohomology groups.

Theorem 5.1.7. (Eichler-Shimura) Let F' be a totally real number field, with [F : Q] = g,
D/F a quaternion algebra and q = |Xp|. Then,

68



o Let D = My(F). If |F : Q)| is odd or |F : Q| is even and (k,r) an algebraic weight
not of the form (2,r) we have

B Skrs(U) = HY, o, (Y (U), L(Vio(L)Y)).
JCER

e Let D a division quaternion algebra. If |Xp| is odd or |Xp| is even and (k,r) an
algebraic weight not of the form (2,1) we have

D s (U) = BH(YD(U), L(Veo(L)Y))-
JCYp

Proof- This theorem is usually stated for C coefficients, but there is no problem replacing
this with L as above. For D # M (F'), see [Hid88, Theorem 6.2] and [Hid94, Proposition
3.1]. For My (F') see [BS13, Proposition 6.4].

O

Here HY,, (Y (U), L(V,,»(L)")) is the cuspidal cohomology which can be shown

cusp

to be a direct summand of HY(Y (U), £L(V;,,(L)")) (cf. [Hanl7, Section 3.2]).

Remark 5.1.8. For weights of the form (2,7) and |Xp| even one needs to add a summand
to the right hand side of the above equations. For D a totally definite quaternion algebra,
this summand is exactly the space Inv(U) from Definition 1.2.9 (e).

5.2 Overconvergent cohomology groups

Definition 5.2.1. Let A € Hom(T(Z,), L*) be a weight coming from WY (cf. 3.4.15).
Let Z5(L) be the L-linear L-dual of Ay(O,, L), i.e.

Z)(L) = Hom{*(A\(O,, L), L).

Similarly, define D), (L) = Hom{*(A\(Op, L,m), L) as the continuous L-dual of
Ax\(Op, L, m), and we give D) ,, a dual continuous left action of A denoted by x. We
note that the action is such that for d € T%T, d« factors through D) ,, .1 < Dy ;. Lastly,
for $f C WY an affinoid subdomain, we let Dy, = Homgfu) (Ay(O,, L),0(Y)) and
Py = Hom@ly (Au(L), O(1)).

Proposition 5.2.2. The assignment 3\ — Dy defines a Fréchet sheaf on WC.

Proof. See [Hanl7, Section 2]. O]
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Now, in order to define our eigenvarieties, we will be interested in the following

cohomology groups.

Definition 5.2.3. Let U be as above, A\, , € WEC and Y an open affinoid of WG,
Then H*(Yp(U), L(P>,.,)) are the overconvergent cohomology groups attached to D and
H*(Yp(U),L(Zy)) is a family of overconvergent cohomology groups. We will sometimes

drop the L to ease notation.

Remark 5.2.4. One can define an action of U, on these cohomology groups and show
that it is a compact operator, from which we can then define the slope decompositions of

these cohomology groups. See [Urbll, Section 1.2.5] or [Hanl7, Section 2.1].
In this setting we again have a control theorem.

Theorem 5.2.5. (Ash-Stevens, Urban) Fix an arithmetic weight \y, , and let U be a compact
subgroup of Gp(Ay) of wild level ™™ and sufficiently small. If h < min; k; — 1 and

m > m(A), then we have a natural isomorphism of Hecke modules
H*(Yp(U), Za,,)=" = H' (Yp(U), Va, . (L))",

Proof. See [Urbll, Proposition 4.3.10] or [Hanl7, Theorem 3.2.5].
O

Now in order to define the eigenvariety associated to these overconvergent coho-
mology groups, we first need to define the generalized eigendata. Most of this will be
the same as in the previous sections, but we need to define the spectral variety and the
coherent sheaf. This can be found in [Hanl7, Section 4.3], but we briefly recall the main
ideas here. For m > m(4l) we have a well-defined action of U, on C*(Yp(U), Zym), so

we can attach a Fredholm series
fu=det(1 —Up,X | C*(Yp(U), Zu))

to this action. By Tate’s acyclicity theorem, we can then find f € O(W){{X} with
flu (X) = fu(X). With this we define the spectral variety in this setting to be given by
the Fredholm hypersurface 2% = Z°(f).

We now have the following result of Hansen, which allows us to define a complex

of coherent analytic sheaves on Z7.

Proposition 5.2.6 (Hansen). We have a unique complex C® of coherent analytic sheaves on

Z5, such that for any slope-adapted affinoid Z5 j,, we have
C*(Ziun) = C*(Y(U), Zu)=".
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Proof. See [Hanl7, Proposition 4.3.1]. O]

If we then take the cohomology of this sheaf we get a graded sheaf .47} ;; on 27

with a canonical isomorphism
N5 (Zin) = H (Yp(U), 24)=" := & H' (YD(U), )=,
and by [Hanl7, Proposition 3.15] the natural maps
T — Endg(, ) (H*(Yp(U), 24)=")

glue to give a algebra homomorphism ¢ : T — Endg,, (t/VD'yU) which preserves the
grading. Here T = T'P(U) is the Hecke algebra as in Definition 4.3.3.

Proposition 5.2.7. Let 3 be an affinoid subdomain of 4, then there are canonical isomor-
phisms
C*(Yp(U), 20)=" @44 O8) = C*(Yp(U), Dy )="

and
H*(Yp(U), Z4)~" @y O(W) = H* (Yp(U), Zu)=".

Proof. This is [Hanl7, 3.1.5]. O

Now we note that a point A € &l is not an affinoid subdomain, so we cannot apply
the above result to recover H*(Yp(U), Z,)=". In order to recover this space we need the

following stronger result.

Theorem 5.2.8 (Hansen). Let U be a rigid Zariski closed subspace of 1\ and define Dy =
Dy @e(s1) O(0). Then there is a convergent second quadrant spectral sequence

By = Tor? ™ (W (Yp(U), 20) <", 6(B)) = HH (Vp(U), )",

Proof. This is part of [Hanl7, Theorem 3.3]. ]

Now we will be interested in the eigenvarieties associated to the following general-
ized eigendata

5;:)D — (WGa'QP]"aJ/B,U)va)v

where everything is defined as in the previous sections apart from .4 (here D can be

M>(F'), in which case we denote this with subscript G).

Notation 5.2.9. We denote by 7p(U) and .7 (U) the eigenvarieties associated to $p
and ¢ respectively.
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Remark 5.2.10. The complex C*® above is not canonical, since it depends on choice
of Borel-Serre complex, which means that 27 and the coherent sheaf C* above are not
canonical either, but it turns out that the cohomology sheaves .47} ;; are canonical and

therefore so are the resulting eigenvarieties.
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Chapter 6

p-adic Langlands functoriality over

totally real fields

In this chapter we will relate the different eigenvarieties we have defined in the previous
chapters. This will give us an overconvergent Jacquet-Langlands correspondence for
Hilbert modular forms which interpolates the classical correspondence. Our results are a
natural generalization of Chenevier’s results ([Che05]) to Hilbert modular form setting,
but we note that in the case of number fields of even degree our corresponding results are
stronger than those in [oc.cit., since in these cases we obtain isomorphisms between the

relevant eigenvarieties and rather than closed immersions.

6.1 The totally definite case

In this section we will prove the following:

Theorem 6.1.1. Let D be a totally definite quaternion algebra with Disc D = 0 and n
an ideal with (n,0) = 1. Let Zg = Zg(Ui(W)) and Zp = Zp(Ui(n)) be as in
Theorems 3.4.29 and 4.3.8 respectively, with Uy (n0) a level whose associated moduli problem is
representable’ and let p be unramified. Then these eigenvarieties are reduced and the classical
Jacquet-Langlands correspondence can be interpolated to obtain a closed immersion Xp — Za
satisfying the properties of Theorem 2.5.5.

Corollary 6.1.2. If g = [F : Q] is even, then taking D (totally definite) withd = 1, the

closed immersion given by Theorem 6.1.7 becomes an isomorphism.

We will derive Theorem 6.1.1 from Theorem 2.5.5 (the Interpolation theorem). To

this end, we need to exhibit a very Zariski dense set X C WY on which we can put

1Meaning that the moduli problem of HBAV with a fino-level structure is representable.

73



classical structures for both sets of eigenvariety data. The set of all classical weights (see
Definition 3.4.9) is such a candidate. The fact that it is a very Zariski dense subset of W&
is a well-known fact but we include its proof for the sake of completeness. This requires

the following lemma.

Lemma 6.1.3. If W is a non-empty rigid space. Then W is irreducible if and only if the only
analytic subset Z C W which set-theoretically contains a non-empty admissible open of W is
Z=W.

Proof- See [Con99, Lemma 2.2.3].
O

Proposition 6.1.4. Let X be the set of classical weights, then X is very Zariski dense in WC.

Proof. This is a simple generalization of [Che04, Proposition 6.2.7] or [Ram09, Lemma
4.1]. By 3.4.3 we have
WY = HY x B(1,1)9t! = |_|WX,

where we index over the elements of H". Let Kyra be a classical weight with £ = 2w —r,

1 and 7 as in Definition 3.4.9. Then under the above isomorphism

g
Kpre > | By, [[JA+2)"7 | L+D)" |,
J
where %o denotes the restriction to H" (note that k.« € WY (E), with E = Q,[4]).
Assume that k-« € VW, for some x and take any irreducible admissible affinoid open
V C WE that contains Kyra. Then V' C W, and moreover, since V(E) is open, there
exists 8 = (s,5') € ng{’ x Q0 such that the closed ball of radius s around ke is
contained in V/, i.e.,
g
Blkyra, 8] := HB[wj,sj} x Blr,s'| C V.
J
By Lemma 6.1.3, we see that if Blkyra,8] N X is Zariski dense in B[kyra,s], then
V(E)N X is Zariski dense in V, which is what we want to prove. So we are reduced to
showing that B[k, s|(E) N X is Zariski dense in B[y, 8. To see this, let k, k' € X,
then
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i — | = max{|(1+p)" = (1+9)"|p, [(14+p)" = (1+)" |5}

= mac{(1+ )% = 1]y, [(L4+p) ™ = 1]},

So taking /%Tb € X, with ¥ = 2w’ — 7/ is such that:
« for N large enough, w; = w, mod (p — 1)p", r =+’ mod (p — 1)p";
* Kyre and ’%Tb lie in the same component of the weight space.

Then we can easily see that B[kra, 8] contains infinitely many elements of X, hence we

get the result. O

Definition 6.1.5. Let 2° C WY x A! be the spectral variety defined by Fred_4(U,) for
M (as usual) the coherent sheaf on W& of overconvergent Hilbert modular forms on D
or My(F) with a classical structure .. We call a point z € 2 classical if its projection
to WY is a classical weight and if det(1 — TUp| 4« ) vanishes at z. We denote these
points by 2.

Remark 6.1.6. Note that if .# is given by the ‘spreading out’ of the spaces of overcon-
vergent Hilbert modular forms and if we write z = ((k.,7.),@) € W& x Al then z is
classical if (k.,7,) is a classical weight and there exists a classical Hilbert modular form

with U, eigenvalue o~ L.

Proposition 6.1.7. The subset 2 of % is a very Zariski dense subset.

Proof. This follows from the proof of [Che05, Proposition 3.5]. The basic idea is to use the
fact that X and X, are very Zariski dense, together with the fact that the admissible cover
of Z as given by [Buz07, Section 4] is finite flat over its projection to weight space. [

Let n be an ideal of O with (n,0) = 1 and 7 { nd, where 0 = Disc(D). Let
UP = Uy (nr) and set TP (UP) to be the Hecke algebra.” Let U be the corresponding
level structure when one takes D = My (F'), which gives the level structure in the Hilbert
modular form case. By fixing a splitting at places away from 0, we let T" act on the

spaces of Hilbert modular forms. Therefore, throughout this section we denote T'" simply

by T'.

Remark 6.1.8. We note that, for g even, we can pick the quaternion algebra D to be
totally definite with 0 = 1. Now, by fixing a splitting we can identify U” and U®, which

Note that the Hecke algebra consists of all Hecke operators away from ?.

75



we will simply denote by U. In this case the classical Jacquet-Langlands correspondence

(Theorem 1.4.5) gives an isomorphism of Hecke modules
S, (U) = Si..(U).

However, for g odd, since D is totally definite, we must have 0 # 1. In this case,

Theorem 1.4.5 gives an isomorphism of Hecke modules
Str(UP) = SR (UC@)) = S (UC@)),

where U% () = US N U, (0).

Theorem 6.1.1 then follows from Theorem 6.1.9 (below) together with Lemma
6.1.12:

Theorem 6.1.9. Let 2 and Zp be the eigenvarieties associated to the eigendata
D1 = (W, SO UC(®)). T, U)

and
Dy = (WY, ST UP), T, U,)

respectively and let p be unramified. Then we can interpolate the classical Jacquet-Langlands

correspondence and obtain a closed immersion vp : 25T — X5

Proof- We will prove this using Theorem 2.5.5. Let X be the set of classical weights,
whose elements we will denote by k. We now define classical structure on X. For
each (k,r) € X, let //lcc:l,k,r and J/ZBZJM be the T-modules Sy .(U%(0)) and SET(UD)
respectively of classical cusp forms of weight & and level U%(d), U respectively. We
need to check that this is indeed a classical structure. Pick h € R>o. Then the set of
(k,r) € X such that S,S;T(UG(D))S}L C *///CC:l,k,r contains all (k,7) € WY, such that

n (k1
h < wvp(k,r) + ZIEHXI)?o{k }

by Theorem 3.4.28, and hence satisfies the properties of Definition 2.5.3. Recall that the
superscript < h denotes slope decomposition with respect to U,.
Similarly, if (k,7) € X is such that’

h < wvy(k,r)+ Zrenzli{kz -1},

Note that we are in the case where p is unramified.
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then SkD ;T(UD )Shc Bl i+ It follows that we again have a classical structure. Now, as

a consequence of the classical Jacquet-Langlands correspondence we have that

det (1= UpX) 4 ) divides det (1 UpX| g ).

Hence we can apply Theorem 2.5.5 to obtain the closed immersion ¢p : 2764 — 2%,
O

Now observe that if ¢ is even, then we can pick D to be totally definite and have
0 = 1 (i.e. trivial discriminant). Then the classical Jacquet-Langlands correspondence

gives that ///élykﬂ, >~ #¢ (k) at classical weights, and thus
det(1 — UpX | A5 (k) = det(1 — UpX | AE,,,)

therefore Corollary 2.5.6 gives us an isomorphism 27,4 = %é«ed. This proves most of
Corollary 6.1.2, it only remains to show that the eigenvarieties are reduced which we will

follow from Lemma 2.5.7.

Proposition 6.1.10. Fix h € R>0. There is a Zariski dense subset X' C X (of WE) such
that for all k € X', the T -module ,//lg}i]f is semisimple.

This result will be consequence of the two lemmas below. We begin by noting that
the classical Jacquet-Langlands correspondence gives us that if ///él’kgrh is a semisimple

T-module, then so is j/[c)l’kgf. To ease notation, we let
h ._ c,<h _ G <h
Vier = ‘//G,k,r = Sk (U™ (9))=".

Now, since we are working with classical Hilbert modular forms, the action of the Hecke
operators can be described by their action on g-expansions. Next we note that the
only Hecke operators that might not be semisimple are the Uy,, for pOp =[], p;. This
is because all the other operators are normal (commute with their adjoints), so they
are semisimple (cf. 3.2.7). Hence we must show that for each i, the operators Uy, act
semisimply on the space of cusp forms of slope-< h. In fact we shall show that Uy, acts
semisimply on Vk}},r’ for a Zariski dense subset of X’ C X. Lastly, we need to relate slope
decomposition of Vklfr with respect to Uy, to the slope decompositions with respect to the

Uy,. To do this we have the following:

Lemma 6.111. Let S be a Banach space on which we have pairwise commuting operators U;
fori=1,...,n, all of which have operator norm < 1 (which means they have positive slopes)
and such that U = ], U; is a compact operator. Then the slopes of the U; operators acting on
the space S<M (this is the slope decomposition with respect to U) are all < h.
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Proof. By definition we have that S<" is a finite dimensional subspace of S. Therefore by
choosing a basis we can view the U; operators as matrices. Now since the U; are pairwise
commuting operators, we can simultaneously upper triangularize them (after possibly
extending the base field). From this it follows that the eigenvalues of U acting on S=<" are
the product of the eigenvalues of the U;.

Now since the slopes of an operator are simply the p-adic valuation of its eigen-
values, we have that on S=" the slopes of U are the sum of the slopes of the U; operators
and therefore, since they all have positive slopes, it follows that the slopes of the U; acting

on S=" are all < h as required.

O

After renormalizing our operators, we can apply this to our situation to see that
since Uy, = [[; Up, is compact, then we have a slope decomposition for any h. Moreover,
for each i we have that the slope of each Uy, acting on thr is less than or equal to A.

With this we can prove the following Lemma:

Lemma 6.1.12. There is a Zariski dense subset X' C WC, such that for each i, Uy, acts
semisimply on Vk}fT for (k,r) € X'.

Proof Using Lemma 6.1.11 the result is a simple generalization of the classical situation,
as is done in [Bell2, Theorem 3.30], or from the proof of [CE98, Theorem 4.2]. But for
completeness we prove it here.

First note that we can decompose Vk}fr into its p;-new and p;-old parts. The action
of Up, on Vk}ffrnew is normal and hence diagonalizable. With this we are reduced to
showing that this operator acts semisimply on Vk}?’rpwld. In order to prove this, it is enough

to show that on each generalized T-eigenspace of th;nprc’ld

it acts semisimply. Each of
these spaces will correspond to a newform f of (lower) level not divisible by p;. Now, let
ap; = a(p;, f|T},) be the T}, eigenvalue of f and V its nebentypus. Since we are assuming
that for each i, we have (nd,p;) = 1, then it follows from Atkin-Lehner Theory that each
of these p;-old subspaces is 2-dimensional, and generated by f and ¢, (f) (see Section
3.2.8). Proposition 3.2.11 then shows that on this subspace the U,, operator has minimal
polynomial given by
X? —ap, X + Npjg(ps)™ 0% (pa).

Therefore, since Np/q(pi) = p'i (here Iy, is the residue degree), we see that
if we pick (k,7), such that r > (2h —I,,,)/ly,, then b < l,,(r 4+ 1)/2. Therefore, the
polynomial must have a unique root o with valuation < h, from which it follows that on

,pi—old

the generalized T'-eigenspace of th

) corresponding to f, we have that Uy, acts as the

scalar . Hence it is diagonalizable. This then shows that on thr the Uy, operators act

semisimply for (k,r) large enough as required.
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O]

From this it follows that for any A > 0, the operators U, act semisimply on
Sk (U= for (k,7) in a Zariski dense subset of WY, proving Proposition 6.1.10. Then
by Lemma 2.5.7, we have at once that %Dred ~ %2p and %é’“l = Z¢, which proves
Corollary 6.1.2.

Remark 6.1.13. In light of Theorem 6.1.9 and Remark 6.1.8, we see that for g even and D
totally definite with @ = 1, we have an isomorphism of eigenvarieties tp : 274 = 254
However, for g odd and D totally definite, the closed immersion tp : %, Dred — %éed is
never an isomorphism since 0 # 1. At best, we can say that its image is the d-new part of
of %éed as in the case of modular forms over Q (cf. [Che05]).

Remark 6.1.14. We note that, for g odd, there are alternative constructions for the
eigenvariety 2, BEd. Let D be the quaternion algebra ramified at all infinite places but
one, with 0 = 1. Then Brasca [Bral3] constructs an eigenvariety associated to 27,
from which one can use the above to obtain an isomorphism ¢p : %Dmd 5 %éed_ His
construction combines the theory of Shimura curves with work of Andreatta-Iovita-Pilloni

to construct the relevant eigenvarieties.

6.2 General quaternion algebras

Combining the (classical) Eichler-Shimura isomorphism with the results from the previous

section, we can now prove the following theorem:

Theorem 6.2.1. Let D be any quaternion algebra, U a sufficiently small level and let
HAp(U), #6(U N Uy(D)) be the eigenvarieties associated to overconvergent cohomology groups

as in 5.2.9. Then these eigenvarieties are reduced and there is a closed immersion

Hp(U)° — H#5(U NU(d))

o

interpolating the classical Jacquet-Langlands correspondence, where 71 (U)° is the core as

defined in 2.5.8.

Proof. First recall that the above eigenvarieties have been constructed from the generalized
eigendata of Hp = (WS, Zp, N5, T,¢p) and HG = We, Za, N T )a) . Now, in

order to apply Theorem 2.5.10 we need (with the notation as in theorem):

(a) A closed immersion 7 : Wi — Wh.
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(b) A very Zariski dense subset 2’/ C 25 with image in 2 under the map induced by
4 and such that for all £ € T and all z € 2%

det (1 —Pp((tU))Y |/,55Z) divides det (1 — YetU)Y |ﬂé’lz)
in k(z)[Y].

In our setting we have W; = Wy = WY 5o (a) is satisfied. For part (b), we let 2 be we
use subset of 27 of points z € 2 whose projection w(z) to W is a classical weight not
of the form (2, r) (here we are using 3.4.13 ) and det(1 — TUPL/VDsz) vanishes at z, where
JVl)CfZ =H*(Yp(U), L(Vyy(»))")- Now, just as in Proposition 6.1.7, it follows that 2 is a
very Zariski dense subset of Z}5. We only need to check the divisibility of the Fredholm
determinants, but this follows at once from combining the Theorem 5.1.7, Theorem 1.4.5

and Proposition 1.4.4. O

Remark 6.2.2. The advantage of working the overconvergent cohomology is that we do
not need to worry about the representabiliy of the moduli problems. On the other hand,
since we are using Hansen’s more general interpolation theorem, we only have a closed
immersion from the core of the quaternionic eigenvariety, but we expect that for D a

division quaternion algebra, the resulting eigenvarieties are unmixed.
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Part III

Slopes of overconvergent Hilbert

modular forms
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In this final section we will use the overconvergent Jacquet-Langlands to study
slopes of Hilbert modular forms. This reduces us to computing the slopes of overconver-
gent quaternionic modular forms which are more suited to explicit computations. The
algorithms used to compute U, are very much inspired by [Dem05, Jac03, WXZ14].

We will compute slopes in many cases and make conjectures about their structure.
Alongside this, we give some theoretical evidence towards our stated conjectures and

prove a lower bound for the Newton polygon of U, action for any arithmetic weight.
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Chapter 7

Quaternionic modular forms over

real quadratic fields

Throughout this section F' will be a real quadratic field (although most of the theoretical
results in this section can easily be extended to any totally real field of even degree). In
particular, for computational purposes we will work with Q(v/d) where d = 5,13, 17 since
these are real quadratic fields for which there exists a totally definite quaternion algebra
D/F with trivial discriminant and class number one!. The fact that we work with a
quaternion algebra that has class number one is simplify computations, and one can most
certainly work over any number field of even degree (or possibly any degree) by adapting
the work of Dembélé-Voight [DV13], but at the cost of increasing the computational
complexity.

In order to make this chapter more self-contained, we recall/simply some of the

notation introduced before:

Notation 7.0.1. (1) As before, we let O, := O ® Z,, for a rational prime p, which we
assume is split or inert in Op. In the split case we write p = p1p2, from which it
follows that O, = O Fy, ® O Fp, - In this case we take p to be a uniformizing element in
each factor, (which we can do since p is split). If we need to distinguish the components
we will denote the uniformizers by 7, as usual. Note that in this case [}, = Q, and
Or,, = Zp.

When p is inert, O), is simply the ring of integers of the degree 2 unramified extension
of Q,, and we again let p be the uniformizer. Lastly, throughout this section we denote

our level structures U, (n7®) simply by U;(np®), where 7 is as is Notation 4.1.1.

(2) Let ¢ : (Op/p®)* — Oép denote a finite continuous character. We also let 1) denote

In fact d = 2, 5,13, 17 are the only such examples, see [KV10].
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the induced character on 0.
(3) Let n be an ideal of O which is coprime to p.

(4) Let L be as before, but enlarged to contain the image of v (in particular, in the split
case this is some totally ramified extension of Q, and in the inert case this is a totally

ramified extension of F}).

From Section 4.1 we have that, in this setting, the spaces of overconvergent

quaternionic modular forms are defined as follows:

Definition 7.0.2. Let D; = Gp(Ay) and D* := Gp(Q). The space of overconver-
gent quaternionic modular forms of weight (ky,7), level U = Up(np®), and radius of
overconvergence p°, denoted by S%Tr(Uo(nps),O), is defined as the vector space of

functions
f: DX\D; — L(X,Y)

such that f(dg) = f(g) for all d € D* and f(gu™') -x, up = f(g) for all u € Up(np®)
and g € Dy Here the action of 7 = (ab) = ((ZZ Zz)) € Aon L(X,Y) is given by

xly™ ey VT w(d)H(717X7l)H(727 Y, m)?

where

Z+ b \'
H(’yi, 7, t) = (aidi — bici)w (CiZ + dz)n' <a + ) ,

aZ +d;

A is as in Notation 4.1.1 and (ky, r, n, v, w) is a weight tuple.

Remark 7.0.3. In order for the space of modular forms of weight (x, 7)1 to be non-trivial,
one requires that ¢)(z) = Npg(z)" for all 2 € OF, which we view as embedded in O

in the usual way.

Remark 7.0.4. In the split case, it is clear how to write 7 as ((i: Zii >) by using the
completions of p1, ps. In the inert case, we simply let the 7; be the images of v under the

automorphisms of F),.

Notation 7.0.5. Throughout this section we will always work with overconvergent modular
forms with radius of overconvergence p” = 1, so we will simply denote these spaces by
S,%’TT(UQ (np®)). This is not a problem, as one can show that the characteristic polynomial

of U, does not depend on this radius.

Since D is totally definite, we have from before that Y (U) = DX\D; JU is just

a finite number of points, which we called the class number of (D, U). Moreover, since
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D has class number one, then D} = DX@B and D*\D7} = OB\@B. Thus there is a
bijection

D*\D} /U — O\O}/U

and we can write O D= ]_[Z 1 OFt;U for t; suitable representatives. In what follows we
will use the above decomposition to write an element = € D? as du where d € D*,u €
OJ. Moreover, we can use the above bijection to then write © = d't;7y (for some i) where
d' € O and vy € Up(np®). Now, following Dembélé [Dem05], we find the ¢; by observing
that

ONOK/U = OF\P' (OF /np*)

where P*(A) := {(a,b) € A* | 3(cv, B) € A? such that aa — Sb =1} /A*. We note that

PY(Op/wp*) = [] B'(OF/q%).

qlnp*

From this we can find the ¢; by simply picking a representative

(av b) = (aq’ bq)qlnpS € PI(OF/npS)

for each O-orbit, and then lifting this to the element of O}, which is 1 at all places not
diving np and, at the places dividing the level, we take (aq, 35) € (Of/ q°)? such that

b
aqaqg — bgfq = 1 and set (¢;)q = <ZZ ar; )

Lemma 7.0.6. There is an isomorphism

Hw?"

h
sht (U @ L(X,Y)I'w (&)

given by sending f to (f(t;))i, where T'(U) is as in 1.3.4.

Proof. Let f € S,%TT(U). For g € D;f we can decompose it as g = dt;7y for some i,
d € D* and u € U. Now the image of g in (some) L(X,Y’) under f is given by

f(g) = f(dtiy) = f(tiv) = f(ti) - up.

Therefore it is enough to know where the t; are sent. But note that if u € T'*(U), then
v = ti_ldt,- for some d € D* and thus

f(t) = f(tt;tde) = f(t:) - up,

from which we see that the image must be in L(X, Y)I"(1),
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71 The U, operator

We now study the U, operator acting on these spaces. In particular, we will describe how

one can compute it. From now on we let U = Uy(np®) be sufficiently small.

Notation 7.1.1. In this chapter we use a slightly different convention for weight [2, 2]
modular forms on D. It is customary to define S3(U) as a quotient S(U)/ Inv(U), where
Inv(U) is a subspace of forms that factor through the reduced norm map (cf. Definition
1.2.9 (e)). But for our purposes we do not quotient out by Inv(U), so in weight [2, 2] our
definitions are slightly different from the standard ones, in particular, our spaces are

slightly larger (dim(S(U)) = dim(S2(U)) + 1).

Let e denote the fundamental unit in O} and let (£, r) be an arithmetic weight
such that y(e) = Np/g(e)", which means that I''(U) acts trivially on L(X,Y’) (by our
sufficiently small assumption). Then from ( & ) we have the following commutative

diagram

Dt ~ h
Skor(U) E_BlL<X, Y)

Dt ~ h
SEMU) —— BLIXY).

Therefore, in order to compute the action of Uy, it is enough to compute l,. Now

we have the following well-known result:
Proposition 7.1.2. Each double coset [Un,U| (see Notation 4.3.2) can be written as
m 0
H U (Olﬂ';p 1) :
a€Oy/myp

From this it follows that the action of U, is given by

U@ = > flual9)

a€Oy/mp

forgGD;,andwhere ua:( " O).

S
P
am,” 1
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Definition 7.1.3. For each t; as above define
O(t,j) = {a € Oy, /m, | tiug b = dtjVe, for some d € D* v, € U}

m 0
and let T j = > 5c0(; ;) (15u)p. Here ug = <6WEP 1) .

7Oy Op

s .
0, OF ) where 7° is the wild level.

Proposition 7.1.4. The matrices (Ygug), are in (

Proof- The proof follows mutatis mutandis from the proof of [LWXIl4, Proposition
3.1]. O

Proposition 7.1.5. The action of L, is given by a h x h block matrix, whose (i, j)-block is
given by the (infinite) matrix of the action of T; j on L(X,Y).

Proof. By Lemma 7.0.6 we have that the action is given by

(f1Up)(t:) = Z Flua (t)

a€Oyp, [Ty,
= Z f(tiug) - (ua)p
a€Oy, [Ty,
h
=S f) | DD (rsus)
Jj=1 BEO(i,5)
which gives the result. O

Similarly we can do all of the above for U, and this gives the matrix {L,.

Warning 7.1.6. With these definitions, the U, operators that we get will not be normalized
as in [Hid88, Section 3]. For this we need to work with 7, vp(kar) Uy, which we will do

later.

We now show how to write down the matrices 7; ;. For this we use the standard

trick of using a generating function to get the entries of the corresponding matrix.

Proposition 7.1.7. The generating function for the |,  action of v = (¢ }) = ((‘“ b )) =

ci d;

(71,72) € M2(Oy), with (ky, ) an arithmetic weight, is given by

det(’}/l)vl (ClX + dl)n1+1 det(’}/g)v2 (CQY + dz)n2+1

d) - .
1/}( ) (61X+d1 - XZ — b1Z) (CQY+d2 —CL2YW—b2W)7

where (ky,r,n,v,w) is a weight tuple.
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Proof. The action of |, v on L(X,Y) is given by

XY ly = p(d)H (. X, i) H(y2,Y,5) = Y _ali) X'y*
I,k

t
where H(v;, Z,t) = det(v;)"(c;Z + di)™ (%) . Now consider the formal sum

G(X.Y,W.Z7) =Y, pa i X'Y*ZY9, then
GX,Y,W,Z,7) =3 2wy o x'y*

i,

n n : (IX+b ‘ 1 aY—i—b ’
- Ex ey e S (SR S ()
i J

where E = ¢(d) det(1)"* det(y2)"2. The result then follows by noting that

Zzi a1 X + b i_ 1
- aX+d ) 1—-27 (a1X+b1)

c1 X+dy

and similarly for the last term.

(4,9)

From this we get an expression for q; ko

Proposition 7.1.8. With the notation as above, we have that the coefficient of X'Y*ZIW!
inG(X,Y, Z,W,v) is

w(d) det(fyl)vl det(ﬁm)w : CTL1 ('717.7.7 Z) : an (727 la k)
where
ab — ~ (w - Y Y x—t b qw—r—tpy—a+tt
Cullen) wn =3 (") (L1 e -

Proof. The proof of this expression is a simple matter of expanding the power series,
p P p p g p

which is an un-illuminating computation. Similar results can be found in [Jac03, Appendix

Al. 0
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7.1.9. In order to write down the matrix for U, we need to choose a basis of L(X,Y").
The natural choice of basis for this is the one given by X*Y7 for 4, j € Z>(. Now in order
to compute the finite approximations to the infinite matrix of Uj, we will need to choose an
ordering of this basis, which is the same as choosing a bijection Bi : Z>¢ X Z>q — Z>.

In what follows we will choose the ‘diagonal’ ordering given by

(a+b+1)(a+b)

Bi(a,b) = 5

+b

and Bi~!(m) = (m — t(tTH), @ - m) where t = L_Hi VQHSmJ Lastly, for Bi~!(m) =
(m1,m2) set b(m) = my + mg = t. Note that, from the computational point of view,
some choices will mean computation of the slopes stabilize quicker, which is why we use

this bijection.

Remark 7.1.10. In what follows the choice of B¢ will only be for relevant for computational
purposes and not theoretical. The only reason we keep track of if in the results in this
section is that we wish to work with matrices and not hypermatrices. Therefore, our

theoretical results do not depend in an essential way in our choice of ordering.
It then follows from Proposition 7.1.8 that:

Corollary 7.1.11. Let x1,22,y1,Y2 € Z>o and

a b T Q4 bl
v = = s eU.
(C d) ((Ci”iz di))

Let x = Bi(x1,x2) (similarly for y) and let (ky,7,n,v,w) be a weight tuple with (k, )
an arithmetic weight. Then the x,y entry of the matrix representing the |, v action on
L(X.,Y) is given by

ait ay? . _ _
Q’Wlﬂ“(’)/vl‘vy) =k d?ldgzﬂ-flﬂjw#ibl{l xlng 9620n1 (rylvxlvyl) ’ Cn2(72,$2,y2)

2 d3{1 d22/2

where E := 1)(d) det(y1)"* det(v2)"2 and

Z; t
i — Y Yi bic; si—1
Cm(’yivxiuyi) = Z < ¢ ) (33 . t) <ad> ﬂf( )

t=0

fori € {1,2} corresponding to pi,ps.

Corollary 7.112. Let v = (( e bi)) € U and (ky,r,n,v,w) a weight tuple with

e
2
Ciﬂ'i dz

(K, ) an arithmetic weight. Then matrix for the weight (k, 7)1 action of v in L(X,Y') is
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such that the (x,y)-th entry has p-adic valuation at least
b(x) + g(n1, 1, 91)(s1 — 1) + g(na, w2, y2)(s2 — 1)

where x;,y; € L>o and x = Bi(x1,22), y = Bi(y1,y2) and

0 if x; > n; >y,

Z; lf Yi = 07
g(ni,l‘i,yi) =

0 if yi > xy,

ri—yi i yi <.

(Note that having infinite p-adic valuation means that the entry of the matrix is zero.)

Proof. This follows at once from Proposition 7.1.4 together with Corollary 7.1.11 and noting
that g(n;, x;,y;) is either oo or the first non-zero ¢ for which (m;yl) (%yit) £ 0. O

7.2 Slopes of U, operators

In this section, we want to study the structure of the matrix of U, and understand its
slopes. We will begin by recalling some results on Newton polygons of matrices. Then
we will change basis so that U, becomes an infinite block matrix, with blocks having size
h x h and then study these blocks, in particular, the ones lying on the diagonal. Lastly,
we will give a criterion (which can be checked in finite time) for when the block upper
triangular submatrix %, of U, has slopes given by unions of arithmetic progressions. The
importance of %, is that, based on computational evidence, we expect it to have the same

Newton polygon (and hence slopes) as U),.

Definition 7.2.1. If K is a local field and A € M,,(K) is a matrix, then we define the
Newton polygon of A to be the Newton polygon of det(1 — X A), and denote it NP(A)
and we denote its slopes by S(A).

In particular, we will talk about the Newton polygon of U, by which we mean the
Newton polygon of the matrix associated to U, when seen as a linear map on the space
of (overconvergent) Hilbert modular forms.

Let us now recall some basic properties of Newton polygons of matrices. More
details can be found in [Kedl10].

Definition 7.2.2. Let A be a n X n matrix over a local field K with uniformizer .
Moreover, let s1, s2, ..., s, be such that for i € {1,...,n}, s + -+ s; is the minimal

valuation of an ¢ X ¢-minor of A. Then the s; are called the elementary divisors of
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A and 0;(A) = o; = w * are the singular values of A. Note that, 01(A) = |A| =
}.

Theorem 7.2.3. Let A, B be n x n matrices. Let P(T) = 1+ Y., a;T" and Q(T) =
1+, ¢;T denote det(1 — X A) and det(1 — X (A + B)) respectively. Then

max; j{|A;

i—1
|a; — ¢;] < |B| | [ max{o;(A),|B|}.
j=1

Proof. This is [Kedl0, Theorem 4.4.2] translated into the notation of Fredholm determi-

nants instead of characteristic polynomials. O
Corollary 7.2.4. Let A, B,P,() be as in Theorem 7.2.3 and let
i—1
f(A, B,i) = |B| [ [ max{c;(A),|BJ}.
j=1
Ifforalli € {1,...,n}, |a;| > f(A, B,i) then NP(A+ B) = NP(A).

Proof- If |a;| > f(A, B, 1), then by Theorem 7.2.3, we must have |a;| = |¢;|, from which

it follows that the Newton polygons must be the same. ]
Proposition 7.2.5. Let A1, ..., Ay, be a set of n X n matrices over a non-archimedean field
K. Then

NP (@ A,) = > NP(4)

where on the right ‘sum’ is given by the Minkowski sum, i.e., NP(A) + NP(A") = {d + d’ |
a € NP(A),a € NP(A"}.

Proof. This follows by noting that the characteristic polynomial of a direct sum is a
product of the characteristic polynomials of the factors together with the fact that the
Newton polygon of a product of polynomials is the same as the Minkowski sum of the

Newton polygons. O

7.2.6. Recall that under the isomorphism

Kapy,T

h
SPLU) = P LX,Y),
=1

the matrix of £, is a block h x h matrix®, whose (i, j)-block is given by the infinite matrix

?Here h is the class number of (D, U).



of the action of T} ;. Now, there is a natural basis® of @?:1 L(X,Y) such that the matrix
of 4, becomes an infinite block matrix where each block has size h x h. Moreover, since
T.,j = > peo(i,j)(18ua)p, we have that, in the new basis, the (z,y)-block of 4, is given
by

By, r(z,y) = (Fi’j;b7T($vy))i7j

where
F‘i“?)m(m? y) = Z an,r((’}’ﬁwg)p, x, y)
BEO(i,5)

and i,j € {1,...,h}.

Definition 7.2.7. We call these B, (7, y) the overconvergent blocks of Uy, on S,%’TT(U).

Notation 7.2.8. For later use we denote by Qgg,r(% z,y) = Qe r (7,7, y)/p" ). Simi-

larly, let

Fi’TjT:(P)(x*?y) = Z ngb)ﬂ'((’yﬁuﬁ)p’x7y)
BEOB(i,g)

and Bf(f};),r(xa y) = (Filf;bm(p)(xﬂ y))i,j‘

We now make some observations about these overconvergent blocks which we will

use later to try and understand the behaviour of the slopes.

Notation 7.2.9. Let 1,29 € ZZO' We let B%J(xl, xg), E’T;‘”T(xl, .CL‘Q), QH¢7T(77 X1, xg),

etc denote By, ,(z, ), F;j’-”’r(m, ), Qi (7, T, T), ete where x = Bi(z1, 72). This there-
fore corresponds to the blocks along the diagonal.

Note that, if the matrix of i, (or equivalently U,) is given by a infinite h x h
block matrix, then B,{Wﬂ (z1,x2) is the block corresponding to the basis element X*1Y %2,
Moreover, note that the entries of these block matrices are given by functions Z? — Oy,
Our goal is to understand these functions. Specifically, if we think of the coefficients
of the characteristic polynomial of B®)(z,z7) as functions Z> — O}, then we would
like to know their p-adic valuations for all x;. In particular, we would like to know if
the have they form p" - f(z1,x2) for some function f (taking values in O;) and some
explicit constant n. Knowing this would at once give the slopes of B®)(z1, 25) for all z;.
With this in mind, we will use the fact that for uniformly continuous functions one can
obtain such a decomposition after checking finitely many values (cf. Lemma 7.2.19). Our
conjecture is that the B®) (1, x2) are uniformly continuous in z1, z2, but unfortunately

we cannot at this time prove this (c.f. 7.2.13).*

3This is given by grouping the basis elements in each copy by degree.
*Note that here we are using B ®) (—, —) so we have taken out the factors at p, since otherwise function
could not be uniformly continuous.
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Definition 7.2.10. A function f : Z — Op, is called uniformly continuous on Z (viewed
as a subspace of Z,) if for every 0 there exists ¢ = £¢(J) independent of z,zg such
that if z, o € Z and |z — xg| < ¢ then |f(z) — f(x0)| < J. More generally, a function
f +Z™ — Oy is uniformly continuous on Z" if for every J, there exists a ¢ = £¢(J)
independent of z,zy € Z™ such that if max;(|x; — xo,|) < € then |f(z) — f(zo)| < 9.

In practice, one can use the Mahler basis to ‘see’ when a continuous function is

uniformly continuous, as follows:

Theorem 7.2.11. A function f : Z" — Op, is uniformly continuous on Z" if and only if

lamlp = 0 as Y ;| m; — 0o, where a, are the Mahler coefficients of f.

Proof- See [Mah8l, Section 12, Theorem 1]. O

Proposition 7.2.12. The sum and product of uniformly continuous functions is again a

uniformly continuous function.

Proof. See [Mah8l, Section 8, Theorem 5. O

Conjecture 7.2.13. For fixed n; (i.e. fixing the algebraic part of the weight) the functions

Cni (vaiaxi) 1L — OL

(from Proposition 7.1.8) are uniformly continuous in x; (where Z C Z, has the p-adic topology)
with e7(6) < 6+ 1.

Remark 7.2.14. For the above function we have checked computationally in many cases
that the Mahler coefficients tend to zero p-adically, which lead us to formulate such a

conjecture.
Notation 7.2.15. Set t = t7, to be the order of the torsion subgroup of O} .

Proposition 7.2.16. Let o« € Of and let P(n, o)) = o'. Then the function P(n,a') is

uniformly continuous as a function Z — OJ .

Proof. The proof of this is just as in [Mah81, Chapter 14, Section 6]. O

Corollary 7.2.17. Assume 7.2.13. Then, for fixed weight and fixed si,s2 € {0,...,t — 1},
the function
B(p) (51 +txy, 89 + th) . 72 — Mathxh(OL)

Kap,T

(see 7.2.8) is uniformly continuous in x1, x2.

Proof. This follows at once from Proposition 7.2.16 and our assumption since the entries

)

of B,(f;,r are given by sums of functions that are uniformly continuous. OJ
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Now, as B,(fl?,r(sl + tx1, 52 + txe) is a h X h matrix with entries given functions
72 — Oy, Corollary 7.2.17 gives:

Corollary 7.2.18. Assume 7.2.13. Then, for fixed weight, the coefficients of the characteristic
polynomial of
BW) (51 + txy, so + txy)

KT

are given by uniformly continuous functions Coef;(s1 +tx1, so + txa) (here we are suppressing

the dependence on the weight) which are uniformly continuous in x;.

Proof. This follows at once from the fact that the entries of the matrix are given by
uniformly continuous functions and the coefficients of the characteristic polynomial are

given as sums and products of these functions. O

Later, we will compute (in specific cases) the Newton polygon of U, and we will
make some conjectures on the behaviour of the slopes. Proving these conjectures seems
out of reach with our current machinery, but we will give a criterion® for there to exist a
submatrix of U, whose Newton polygon matches the conjectural Newton polygon of U, as
suggested by our computations. In the case that we are interested in this submatrix will
be the block upper triangular submatrix of U,,.

The criterion is based on the following elementary result:

Lemma 7.2.19. Let f : Z — Oy, be a uniformly continuous function. If val,(f(x)) = p for
allz €0,...,p"E ) then val,(f(x)) = p for all x € Z, where 4 is as in Definition
7.2.10.

Proof. Let T = valy(ef(p + 1). For x € Z we write it as © = z; + sp’ with z; €
{0,...,p"} and for some s € Z. Now, since f is uniformly continuous, we know
that since |z — x|, < p~T we must have |f(z) — f(z;)|, < p~*~!. But now, since

valy(f(x;)) = p, we must have val,(f(z)) = p. O

Corollary 7.2.20. Let Coef;(s1 + tx1, so + txa) be as in Corollary 7.2.18. Assume that for
each pair (s1,s2) € {0,...,t — 1} there is a p;(s1, s2) = j € Z such that

valp(Coef;(s1 + tz1, so + tza)) = pi(s1, s2)
forall 1,29 € {0,...,pT} with T = ecoet, (1t + 1). Then
val,(Coef;(s1 + tz, 52 + tw)) = pi(s1, 52)

forall z,w € Z.

SWhich one can check in finite time (although this might be take a very long time).
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Proof. The proof of this is just a natural generalization of the Lemma 7.2.19. O

Remark 7.2.21. Looking closely at Proposition 7.2.16 and Conjecture 7.2.13, one sees that
€Coef; (1) < p (in fact, we suspect that in many cases it is < [x/7]). This then tells us

how far we need to check.

Remark 7.2.22. Note that both Lemma 7.2.19 and Corollary 7.2.20 remain valid if we
replace val,(—) = p with val,(—) > p, where p is now the maximum such integer for

which this holds for all pairs of s;.

Corollary 7.2.23. Assume 7.2.73. Let K be a fixed arithmetic weight. For s1,s2 € {0,...,t—
1}, let

h
Hmax = Nmax(sly 52) = rin_aoxﬂi(slv 52)

(with the same notation as above) and let m be the index of Coef corresponding to pimax. If for
fixed s1, so, the slopes of B,gi),r(sl +tz, 52 + t~x2) are fixed for all x1,z2 € {0,...,pT}
with T' = €Coet,, (fmax + 1), then the slopes of B,(ii)m(sl +tz, so + tw) will be fixed for all
zZ,w € 7.

Proof. Using Corollary 7.2.20, we see that our assumptions imply that the break points of

our Newton polygon are fixed, so the slopes must be fixed. O

Remark 7.2.24. We note that, in the above, we do not require that the non-break points in

{(i,val,(Coef;))} have fixed valuation, but only that they lie above the Newton polygon.

The importance of this result, is that it gives us a way to check for (in finite time)
what all of the slopes of the blocks appearing along the diagonal of U, are (for a fixed
weight).

7.2.25. Let Diagp;(p, h) denote the infinite diagonal matrix with entries given by

It then follows from 7.1.12 that the matrix i, = Diagpg,(p, h) -il,()p) where il,(,p) is an
infinite A X h- block matrix whose entries are given by B,({i)m (x,y). Lastly, we let %,
denote the block upper triangular sub matrix of i, whose blocks have size A x h and the

(7, y)-block is given by By, »(7,y) if y > = and zero otherwise. Note that we can again
write %, = Diagg,;(p, h)%p(p).

Lemma 7.2.26. Let  be fixed and assume that for all s1,s2 € {0,...,t — 1} Corollary
7.2.23 holds, meaning that for each pair (s1, s2) we have a finite set Sy, (51, 52) of slopes

95



which will be the slopes of B,g{?m(sl +tz, 51 + tw) forall z,w € Z. Then the slopes of %,
are given by
S () = | J{S@1,73) + ()},
=0
where b(x) is as in 7.1.9 and T; = x; mod t. Here for a set of rational numbers S we let
S+a={s+al|seS}

Proof. First note that, since %, is block upper triangular, its characteristic polynomial
only depends on the blocks along the diagonal. Now, the n-th block along the diagonal
will be given by pb(”)B,(f) (z1,22) and by assumption, the slopes of BY (1,x2) only
depend on x; mod t. So, putting this together with the fact that if a matrix A has a set

of slopes S(A) then S(p"A) = n + S(A), we get the required result. O

One important thing to note is that in this case the set of slopes of %, will be
given by a union of arithmetic progressions and that the infinite set S,;(%,) is ‘generated’
by a finite sets S(s1, s2) for s; € {0,...,t —1}.

7.2.27. Now not only do we care about the slopes for a fixed weight, but we would like
to know what they all are, at least for weights near the boundary of the weight space.
Although this is quite a tough problem in general, we can say something about the set
Sk (%) for Ky, as the algebraic part of the weight varies.

Looking closely at Corollary 7.1.11, we see that for fixed character ) and fixed z,y

we have

Qliwﬂ“ (7? x, y) = (Constant) - det (71)1)1 det (72)1)2 d?l dgz Cnl (717 T, y2)0n2 (727 Z, y)

where the constant depends on . Now, if we use Hida’s normalization for U, (i.e. U]E))

then the factors det(~y;)"! det(2)"? disappear so we are reduced to looking at the factors

W(n1,n2) = dy"dy>Cpy (71, 1, Y1) Cny (12, T2, y2).

Similar to the above, we see that for fixed wy,ws € {0,...,t — 1} we have that W (w; +
(p)
(

tni, wy + tng) is uniformly continuous in 7;. Using this, let B x1,x2,m1,n2) denote

B,(f;),r (21, x2) but now viewed as a function of n; (the algebraic part of the weight) and z;.

Proposition 7.2.28. Assume that for each quadruple wy,w2,s1,s2 € {0,...,t — 1} the

slopes of
B(p)(sl + txy, S9 + txe, wi + tny, wa + tng)

are fixed for all x1,x2,n1,m2 € {0, -+ ,pT } withT = €coet,, (1tmax + 1) (with the notation
as in Corollary 7.2.23). Then, assuming 7.2.13, the slopes of BP)(z1, £, n1,n2) depend only
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onx;,n; mod t and in particular, Sy, (%) depends only on x;,m; mod t and is generated
as in Lemma 7.2.26.

Proof Since B® (s1+txy, S2+twe, wy +tny, wa + tnay) is uniformly continuous in z;, n;

the proof is just a generalization of Corollary 7.2.23 and Lemma 7.2.26. O

Note that depending only on n; mod t is the same as only depending on which
component of the weight space we are in. Therefore, Proposition 7.2.28 is saying that
if the slopes %, are fixed for enough n;, z;, then Sy, (%) will only depend on the
component of the weight space and moreover the slopes will appear as a union of
arithmetic progressions, which are generated by a finite input. This is exactly what
one would expect the structure of the slopes of U, to be. In fact, our computations
suggest (cf. 8.3.6) that in many cases (but not all) Proposition 7.2.28 holds and that
wa,r(Up) = Swm(%p)-

7.3 Lower bounds for Newton polygons of U, operators

We will now prove a lower bound on the Newton polygon of the characteristic polynomial
of Up. This is very much inspired by [WXZ14, Theorem A].

Proposition 7.3.1. Let U be a sufficiently small level and let (k, 1) be any arithmetic weight.
Then the Newton Polygon of the action of U, on
h
S (U) = P LIX,Y)

i=1

lies above the polygon with vertices

(0,0), (h,0), (3h,21), .., (i(“ Dh (i= )il + 1)h>

2 ’ 3
Proof. We do this by giving a lower bound for the Hodge polygon of the U, action, which
we recall is always below the Newton polygon.

Now recall that the Hodge polygon is given by the lower convex hull of the vertices
(i, min,,), where min,, is the minimal p-adic valuation of the determinants of all n x n
minors. Note that it clearly lies below the Newton polygon. Now Corollary 7.1.12 gives
that each h x h block B,(z,y) is divisible by p*®) and note that {b(n)|n € Z>o} =
{0,1,1,2,2,2,3,3,3,3,...}. Using this we can bound the Hodge polygon from below
as follows: let S = {s;} := {On, L2n, 23, 34h; - - -, i(i41)h, - - -} Where 4, means that i

appears 1 times and let 3; = ., s;. Then from the above it is easy to see that the
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Hodge polygon is bounded from below by the convex hull of the points (i, ;). An easy
check then shows that this has break-points at the vertices given above.

O]

Note that we are not assuming that the weight lies on the boundary of the weight

space. In particular, this lower bound holds everywhere on the weight space.
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Chapter 8
Explicit computations

In this section we report on the results of some computations of slopes of Up, for p a split

or inert prime. The computations below were done in Magma [BCP97] and Sage [Sagl6].

Notation 8.0.1. In this section we will use convention given in 1.2.8 for our weights.
Using this we will denote arbitrary arithmetic weights as « and if we want to specify the
character we will denote them as [k, k2]i) where k; € Z>5 and paritious. We will also

denote vy (k,r) by vy, (k).

Warning 8.0.2. When computing slopes of overconvergent Hilbert modular forms our
strategy is to compute a finite matrix U, (N, x) which is a N x N approximation to the
infinite matrix of U, acting on weight (k) overconverget Hilbert modular forms. The
fact that U, is compact means that we can find a function B such that any vertex of
NP(Up(B(N),k)) of valuation less than N, will also be a vertex of NP(U,(M, k)) for
M > B(N). So we can guarantee that the approximation slopes are actually slopes of
overconvergent Hilbert modular forms. Here B is a function that depends on the ordering
of the basis of the matrix. If we use B4 as in 7.1.9 to order the basis, then Lb(TN)J bounds!
B(N) from below, where (as before) b(IN) = [@J and h is the class number for
(D, U). Throughout this chapter, when we talk about overconvergent slopes, we mean
approximated overconvergent slopes.

In the classical case we do not have this problem and all of the slopes we have

computed are actually slopes of classical Hilbert modular forms.

"This is most likely not the optimal bound.
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8.1 Split case

8.11 Computations over Q(v/13)

Let F' = Q(v/13) and p = 3. We will compute the slopes of U3 on the space of modular
forms of Uy(9) for weights near the boundary. We note here that Uy(9) is sufficiently

small, which we checked computationally. In this case we find that h = 12, where / is
the class number of (D, U) with D/F totally definite with Disc(D) = 1 as usual. We

let 1, be a continuous character of O, of conductor 9 such that ,(a)

= Np/g(a)" for

a € OF. In the following table we list the slopes of classical Hilbert modular forms as a

pair (s, m) where s is the slope and m is how many times it appears, i.e., its multiplicity

(up to this size of matrix), also we have normalized so that val,(p) = 1. Note that in our

setting we have U, = Uy, Up,. We also record here the classical slopes of Uy, , Uy,.

Operator | Weight | Classical Slopes

Up [2,2]¢s | (0,1), (1/2,2), (1,6), (3/2,2), (2,1)

Up | [2:2]¢2 | (0,3), (1/2,6), (1,3)

Up, | [2,2]¢2 | (0,3), (1/2,6), (1,3)

Uy | 24102 [ 0,1 (1/2,2), (1,7), (3/2.4), (2.8), (5/2,0), (3.7), (7/2,2)
(4,1)

Up, | [2:4]¢2 | (0,9), (1/2,18), (1,9)

Up, | 2,492 | (0,3), (1/2,6), (1,6), (3/2,6), (2,6), (5/2,6), (3,3)

Up [2,6]w2 | (0,1), (1/2,2), (1,7), (3/2,4), (2,8), (5/2,4), (3,8), (7/2,4),
(4,8), (9/2,4), (5,7), (11/2,2), (6,1)

Up, | [2,6]¢2 | (0,15), (1/2,30), (1,15)

Up, | [2:6]¥2 | (0,3), (1/2,6), (1,6), (3/2,6), (2,6), (5/2,6), (3,6), (7/2,6),
(4,6), (9/2,6), (5,3)

Up [2,8]1ba | (0, 1), (1/2,2), (1,7), (3/2,4), (2, 8), (5/2, 4), (3, 8), (7/2,
4), (4,8), (9/2,4), (5, 8), (11/2, 4), (6, 8), (13/2, 4), (7, 7),
(15/2,2), (8, 1)

Up | (2,892 | (0,21), (1/2,42), (1,21)

Up, | [2:8]42 | (0,3), (1/2,6), (1,6), (3/2,6), (2,6), (5/2,6), (3,6), (7/2,6),
(4,6), (9/2,6), (5,6), (11/2,6), (6,6), (13/2,6), (7,3)

Up | 442 | (0,1), (1/2,2), (1,8), (3/2,6), (2,16), (5/2,10), (3,22),
(7/2.10), (4,16), (9/2,6), (5.8), (11/2,2), (6,1)

Up, [4,4]v2 | (0,9), (1/2,18), (1,18), (3/2,18), (2,18), (5/2,18), (3,9)

Uy | 12400 | (0,9), (1/2,18), (1,18), (3/2,18), (2,18), (5/2,18), (3,9)
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7/2,12), (4,12), (9/2,12), (5,12), (11/2,12), (6,12),

Up [4,6]v2 | (0,1), (1/2,2), (1,8), (3/2,6), (2,16), (5/2,10), (3,23),
(7/2,12), (4,24), (9/2,12), (5,23), (11/2,10), (6,16),
(13/2,6), (7,8), (15/2,2), (8,1)

Uy, [4,6]1 | (0,15), (1/2,30), (1,30), (3/2,30), (2,30), (5/2,30), (3,15)

U, | [4,6]0 | (0,9), (1/2,18), (1,18), (3/2,18), (2,18), (5/2,18), (3,18),
(7/2,18), (4,18), (9/2,18), (5,9)

Up 3,341 | (0,1), (1/2,2), (1,8), (3/2,6), (2,14), (5/2,6), (3,8), (7/2,2),
(4,1)

Uy, [3,3]¥1 | (0,6), (1/2,12), (1,12), (3/2,12), (2,6)

Up, | [3,3]1 | (0,6), (1/2,12), (1,12), (3/2,12), (2,6)

Up [3,5]¢1 | (0,1), (1/2,2), (1,8), (3/2,6), (2,15), (5/2,8), (3,16),
(7/2,8), (4,15), (9/2.6), (5,8), (11/2,2), (6,1)

Uy, 3,5]Y1 | (0,12), (1/2,24), (1,24), (3/2,24), (2,12)

U, | 13,511 | (0,6), (1/2,12), (1,12), (3/2,12), (2,12), (5/2,12), (3,12),
(7/2.12), (4.6)

Up [3,7]¢1 | (0,1), (1/2,2), (1,8), (3/2,6), (2,15), (5/2,8), (3,16),
(7/2,8), (4,16), (9/2,8), (5,16), (11/2,8), (6,15), (13/2,6),
(7.8), (15/2,2), (8,1)

Uy, 3, 7)1 | (0,18), (1/2,36), (1,36), (3/2,36), (2,18)

U, | 3,701 | 0,6), (1/2,12), (1,12), (3/2,12), (2,12), (5/2,12), (3,12),
(7/2,12), (4,12), (9/2,12), (5,12), (11/2,12), (6,6)

Up [3,9]¢1 | (0,1), (1/2,2), (1,8), (3/2,6), (2,15), (5/2,8), (3,16),
(7/2,8), (4,16), (9/2,8), (5,16), (11/2,8), (6,16), (13/2,8),
(7 ,1 ), (15/2.8), (8,15), (17/2,6), (9,8), (19/2,2), (10,1)

U, 3,941 | (0,24), (1/2,48), (1,48), (3/2,48), (2,24)

U, | 38,901 | (0,6), (1/2,12), (1,12), (3/2,12), (2,12), (5/2,12), (3,12),
(
(

13/2,12), (7,12), (15/2,12), (8,6)

Remark 8.1.2. There is an involution on the Hilbert modular variety which tells us that

the U), slopes in weight [k1, k2]1) will be the same as those in weight [k2, k1]1).

Since our level is sufficiently small, one can show using 7.0.6, that the dimension

of the spaces of classical Hilbert modular forms of weight [k1, k2|1; and level Uy(9) is
12 (k1 — 1) - (ko — 1) for [kq, k2] # [2, 2]. For weight [2, 2] the dimension of the classical
space of cusp forms is 11, but since in our notation we are including the constant functions
(which, in this case, contributes a 1-dimensional subspace), we get a 12 dimensional space.

With this one can easily see that (as long as we order our basis correctly, which is not be the
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ordering given by B1) in the table above, the classical slopes U, in weight x = [k1, k2|1
are given by the slopes of U,(N, k) for N =12 (k; — 1) - (k2 — 1) and * € {p, p1,p2}.

We now compute the overconvergent slope approximations for U, and the same
set of weights as in the classical case. Our computations suggest that for a fixed /N and 1),
the set of slopes of U,(NV, k) depend only on the component in which # lies *. For this

reason, the table below, we only record the size and the slopes.

Matrix Overconvergent Slopes

Up(20-12) | (0,1), (1/2,2), (1,8), (3/2,6), (2,16), (5/2,10), (3,24), (7/2,14),
(4,32), (9/2,18), (5,39), (11/2,20), (6,35), (13/2,10), (7,5)

Up(22-12) | (0,1), (1/2,2), (1,8), (3/2,6), (2,16), (5/2,10), (3,24), (7/2,14),
(4,32), (9/2,18), (5,40), (11/2,22), (6,42), (13/2,14), (7,12),
(15/2,2), (8,1)

Up(25-12) | (0,1), (1/2,2), (1,8), (3/2,6), (2,16), (5/2,10), (3,24), (7/2,14),
(4,32), (9/2,18), (5,40), (11/2,22), (6,45), (13/2,20), (7,30),
(15/2,8), (8,4)

Up(28-12) | (0,1), (1/2,2), (1,8), (3/2,6), (2,16), (5/2,10), (3,24), (7/2,14),
(4,32), (9/2,18), (5,40), (11/2,22), (6,48), (13/2,26), (7,48),
(15/2,14), (8,7)

Up(30-12) | (0,1), (1/2,2), (1,8), (3/2,6), (2,16), (5/2,10), (3,24), (7/2,14),
(4,32), (9/2,18), (5,40), (11/2,22), (6,48), (13/2,26), (7,50),
(15/2,18), (8,19), (17/2,4), (9,2)

Observation 8.1.3. (1) The slopes are appearing in arithmetic progression which is very

similar to what we see over Q.

(2) The multiplicities are not the same for each slope and are increasing, which is
something that one does not see over Q (cf. [LWX14, Therem 1.5)).

(3) In the classical slopes above one can observe the Atkin-Lehner involution in action.
We know from Section 3.2 that the Atkin-Lehner involution will send a Hilbert

modular form of slope a in S, (Up(9)) to a form of slope
Valp(NF/Q(P)koflfv”(k)) - q,

in Sy _, (Up(9)) where ko = max(ki, k2). Now, in our example, 1) and ¢! are in
the same Galois orbit, so the slopes in weight ky, and k-1 will be the same. From

which one can deduce that in the classical slopes above one should be able to pair up

’In general, we expect that the factor val,(w(x)) only scales the slopes linearly.
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the slopes appearing in weight [k, k2] so that the slopes add up to

which is the case®

val,(Np/q (p)koflivp(k) )

. Moreover, if instead we look at Atkin-Lehner involutions for each

p; for i € {1,2} we can make similar observations in these cases.

8.1.4 Computations over Q(1/17)

We have also done a similar computation in the case when F' = Q(+/17), p

Up(8), which again is sufficiently small. Here i = 24 with ) and x appropriate characters

of conductor 8. In this case, we again see a similar structure to the set of slopes.

Operator | Weight | Classical slopes

Up 2,2y | (0,1), (1/2,4), (1,14), (3/2,4), (2,1)

Up 2,2]y | (0,4), (1/2,16), (1,4)

Up, [2,2]y | (0,4), (1/2,16), (1,4)

Uy | 520 [(0,1), (1/2,4), (1,15), (3/2,8), (2,16), (5/2,5), (3, 1),
(7/2,4), (4.1)

Up, [4,2]y ] (0,4), (1/2,16), (1,8), (3/2,16), (2,8), (5/2,16), (3,4)

Up, [4,2]y | (0,12), (1/2,48), (1,12)

Up 4,4y 1 (0,1), (1/2,4), (1,16), (3/2,12), (2,32), (5/2,20), (3,46),
(7/2,20), (4,32), (9/2,12), (5,16), (11/2,4), (6,1)

Up, [4,4]y | (0,12), (1/2,48), (1,24), (3/2,48), (2,24), (5/2,48), (3,12)

Up, [4,4]v | (0,12), (1/2,48), (1,24), (3/2,48), (2,24), (5/2,48), (3,12)

Uy | 6:210 [0, 1), (172, 4), (L, 15), (3/2, 8), (2, 16), (5/2, 5), (3, 16),
(7/2, 8), (4, 16), (9/2, 8), (5, 15), (11/2, 4),(6, 1)

Up, [6,2]y | (0,4), (1/2,16), (1,8), (3/2,16), (2,8), (5/2,16), (3,8),
(7/2,16), (4,8), (9/2,16), (5,4)

Up, [6,2]v | (0,20), (1/2,80), (1,20)

Uy | 5.210 [0, 1), (172, 4), (L, 15), (3/2, 8), (2, 16), (5/2, 5), (3, 16),
(7/2, 8), (4, 16), (9/2, 8), (5, 16), (11/2, 8), (6, 16), (13/2,
8), (7, 15), (15/2, 4), (8, 1)

Uy, [8,2]y | (0, 4), (1/2, 16), (1, 8), (3/2, 16), (2, 8), (5/2, 16), (3, 8),
(7/2, 16), (4, 8), (9/2, 16), (5, 8), (11/2, 16), (6, 8), (13/2,
16), (7, 4)

Uy, [8,2]y | (0,28), (1/2,112), (1,28)

¥ The appearance of val,(Nz/q(p)"»*) is due to the normalizations of our operators.
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1), (1/2,4), (1,16), (3/2,12), (2,30), (5/2,12), (3,16),

7/2,4), (4,1)
0, 8), (1/2, 32), (1, 16), (3/2, 32), (2, 8)

( (
0, 8), (1/2, 32), (1, 16), (3/2, 32), (2, 8)
(1/2, 4), (1, 16), (3/2, 12), (2,
6

0, 1), 31), (5/2, 16), (3, 32),
7/2, 16), (4, 31), (9/2, 12), (5, 16), (11/2, 4), (6, 1)
Uy, [5,3]x | (0, 8), (1/2, 32), (1, 16), (3/2, 32), (2, 16), (5/2, 32), (3, 16),

7/2, 32), (4, 8)
0, 16), (1/2, 64), (1, 32), (3/2, 64), (2, 16)
0, 1), (1/2, 4), (1, 16), (3/2, 12), (2, 31), (5/2, 16), (3.
32), (7/2, 16), (4, 32), (9/2, 16), (5, 32), (11/2, 16), (6, 31),
(13/2, 12), (7, 16), (15/2, 4), (8, 1)
Up, 5,3]x | (0,8), (1/2, 32), (1, 16), (3/2, 32), (2, 16), (5/2, 32), (3, 16),
(
(

(0,

(

(

; (

Up [5,3]x | (
(

(

(

(

(

7/2, 32), (4, 16), (9/2, 32), (5, 16), (11/2, 32), (6, 8)
0, 24), (1/2, 96), (1, 48), (3/2, 96), (2, 24)

UP2 [57 3]X

Operator Size Overconvergent slopes
U, 10-24 | (0,1), (1/2,4), (1,16), (3/2,12), (2,32), (5/2,20), (3,48),
(7/2,28), (4,59), (9/2,16), (5,4)
U, 20-24 (0 1), (1/2, 4), (1, 16), (3/2, 12), (2, 32), (5/2, 20), (3,
48), (7/2, 28), (4, 64), (9/2, 36), (5, 79), (11/2, 40), (6, 75),
(13/2, 20), (7, 5)

8.1.5 Partial slopes

Since we are working in the split case, we have that U, = U, Up, = Uy, Uy, so one can
write a U, slope A, as a pair (Ap,, Ap,) where A, is a slope of Uy, and A\, = Ay, + Ap,.
Classical partial slopes

Throughout this subsection, we denote weights [k, k2]t simply as [k1, k2| with the
understanding that we have a character as in the tables above. For level Uy(9) and weights
12,2],[2,4],[2,6],[2,8], 4, 4], we plot the pairs (\p,, Ap,) together with the multiplicity
with which they appear.
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Weight [4,4]

1 1 2 1 2 1 1
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In the above figures the horizontal axis denotes the slopes of Uy, and the vertical
axis the slopes of Uy,. The numbers in the grid represent the multiplicity with which this
pair appears. Here one sees that if we fix k1 and let k2 grow, then the slopes of Uy, only
increase in multiplicity, but we do not gain any new slopes. On the other hand, for Uy,

we see that as ko increases the we gain new slopes.*

8.1.6. Since we are in the classical case there is no problem in computing the slopes
of Uy, , Up,, from which we can construct the above figures as follows: thinking of the
multiplicities as variables (z;;), the slopes of Uy, Ué’Q for varying a,b give us linear
equations in (z; ;) which one can try to solve. For example, knowing that in weight [2, 2]
the operator Uy, has slopes [(0,3), (1/2,6), (1, 3)] tells us that in the above figure adding
the multiplicities along each column should give 3, 6, 3 respectively. Furthermore, the
Atkin-Lehner involutions W),, W), give extra symmetries in the multiplicities, e.g., W),

sends the pair
()\pl’ )‘P2) — (kO -1- )‘Pl - vpl(k)7 ko —1— )‘p2 - vpz(k))

which combined give us enough equations to uniquely determine the multiplicities (for

the weights in the above figure).

8.1.7. We draw similar figures in level Up(8) which give:

*Similarly, if we fix k2 and increase ki1 we see the same behaviour but with Uy, and Uy, switching roles.
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Observation 8.1.8. We note that in both examples above, the pictures appear to built up
from the weight [2, 2] picture, by ‘glueing’ along the edges and adding up the multiplicities
along the edges.

Question 8.1.9. For (arithmetic) weights near the boundary, are the above multiplicities
all ways greater than 0? In other words, given eigenforms f; for Uy, with eigenvalues o,

does there exist an eigenform for U, with eigenvalue ajas - - - .

Question 8.1.10. Can we obtain the picture above for any weight near the boundary, by
simply glueing the picture in weight [2, 2]?
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Overconvergent partial slopes

8.1L11. In the overconvergent case one cannot directly compute the slopes of Uy, since
these are not compact operators. Instead one can compute the successive slopes of U,Uy!
(which are compact operators) for n > 0. From this one can obtain slopes of Uy, as
follows: let N >> 0, P,(N, x) = (UpUy! )(NV, k) (with the same notation as in 8.0.2) and
let S(P, (NN, k)) denote the set of slopes of P,,(N, x). Now, for each s € S(Py(V, k)), let

J(s)
T(s) = () {(t —s)/n |t € S(Pa(N, )}
n=1

where J(s) > 0 such that the intersection stabilizes (such a J(s) always exists). Then (for
large enough N)
U 7)) csWy)

s€S(PJY (k)

which is what we want.

8.1.12. While U, are not compact operators on the spaces of overconvergent Hilbert
modular forms, one can restrict them to subspaces on which they act as compact operators.
To see this, let L(n,m) denote the subspace of L(X,Y) generated by X'Y7 for i €
[0,...,n]and j € [0,...,m] where n,m € Z>oU{oo} ( note that L(co,00) = L(X,Y")).
Then for m € Z>o, k = [ki1, k2]Jt) a weight with ko = m + 2 and k; arbitrary (with

appropriate parity conditions), the subspace

h h
P L(co,m) c P LX,Y) = SHU)
i=1 i=1
is for a fixed under the |,; action of Hecke operators and Uy, acts compactly (this can be
seen from Corollary 7.1.11) on this subspace. Similarly Uy, is compact on @?:1 L(n, c0)
for a fixed n € Z>( and weights k£ = [n + 2, k2]t). From this one can compute subsets of
S(Up,)-

Using this we compute some overconvergent slopes of U, in weight [2, 2] acting
on @®;L(0,8) C &,L(0,00) and ®;L(8,0) C @®;L(c0,0). We only show this for U,, on
@®;L(8,0) since the picture for Uy, on &;L(8,0) is the same but flipped vertically. Note
that @;L(0,0) = Sz (U).
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Classical Overconvergent

1 T
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Slopes of Up, on &;L(8,0) in weight [2, 2]
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Slopes of Up, on @;L(8,1) in weight [2, 2]

The picture for #;L(8, 1) is computed under the assumption that the first 9 multiplicities

on the line y = 0 are as in the picture for &;L(8,0), which one expects is the case.

Remark 8.1.13. In the computations done in the previous section, it would be interesting
to not only vary the k; independently, but also to choose characters which are more
ramified at p; or po whilst still being in the boundary. This would correspond to moving
in the p; or po ‘direction’ in the weight space. At the moment we are not able to compute
such examples, since in the cases we have studied this would mean increasing the level.
This has the effect (in general) of making the matrices much larger, which in turn makes
computing the characteristic polynomial much more difficult (which is the bottleneck in

our method).

8.2 Inert case

We now move to the inert case. For this we set F = Q(v/5) and p = 2. We will
compute the slopes of Us acting on S’ (U0(23p11)) where p1; is the prime lying above
11 generated by (11,3 + 2+/5) and 7 : (95 — {+£1} is the primitive Hecke character of
conductor 2%. In particular, it is such that 1)(e) = 1 where e € O} is the fundamental
unit (embedded in the usual way into ) is the fundamental unit. Similarly, we let
X be a primitive Dirichlet character of conductor 22 such that x(e) = —1. Lastly, for
s = [s1,892] € Z% let 7° = (77", 75?) denote the Teichmiiller character to the power s.
Note that in this case h = 16 and therefore the space of classical Hilbert modular forms of
weight [k1, ko]¢ (for ¢ either of the characters above) and level Upy(23p11) (which can be
checked to be sufficiently small) has dimension (k1 —1) - (k2 — 1)16 for [k, k2] # [2,2]. In

weight [2, 2]¢) the dimension is 15, but with our convention, we compute a 16-dimensional
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space.

8.2.1. Note that ¢ is chosen so that we can work with weights with even parity, and x
with odd weights. Moreover, note that in this case L = Qo(1/5) is the degree 2 unramified

extension of Q2. One then checks that the torsion subgroup of the units is cyclic of order

6 given by the 6-th roots of unity. Therefore, an arithmetic weight [k, k2]t induces a

map on the 6-th roots of unity, and this map determines in what component of the weight

space the weight lives. Now looking at the explicit description of the weight, we see that

K (Co) = G (Ge).

From which it follows that for a fixed character 1), the arithmetic weights given by x,, and

ks

/@'&) will live on the same component of the weight space if and only if k1 — ko = k] —

mod 6. Moreover, we can switch between the different components of the weight space

by using the Teichmiiller character 7.

Weight [ Classical Slopes

2,219 | (2/3,6),(1,4), (4/3,6)

2,272 | (1/2,4), (1,8), (3/2,4)

2,40 | (1/2,4),(1,8),(3/2,4),(5/3,6),(2,4),(7/3,6), (5/2,4), (3,8), (7/2,4)

2,6] [ (1/2,4), (1,8), (3/2,8), (2,8), (5/2,4), (8/3,6), (3,4), (10/3,6),
(7/2,4), (4,8), (9/2,8), (5,8), (11/2,4)

2,810 1 (2/3,6), (1,4), (4/3,6), (3/2,4), (2,8), (5/2,8), (3,8), (7/2,4),
(11/3,6), (4,4), (13/3,6), (9/2,4), (5,8), (11/2,8), (6,8), (13/2,4),
(20/3,6), (7,4), (22/3,6)

[2,10% | (1/2,4), (1,8), (3/2,4), (5/3,6), (2,4), (7/3,6), (5/2,4), (3,8), (7/2,8),
(4,8), (9/2,4), (14/3,6), (5,4), (16/3,6), (11/2,4), (6,8), (13/2,8),
(7,8), (15/2,4), (23/3,6), (8,4), (25/3,6), (17/2,4), (9,8), (19/2,4)

4,414y |(2/3,6), (1,4), (4/3,6), (3/2,8), (2,16), (5/2,16), (8/3,6), (3,20),
(10/3,6), (7/2,16), (4,16), (9/2,8), (14/3,6), (5,4), (16/3,6)

[4,6] [ (1/2,4), (1,8), (3/2,8), (5/3,6), (2,12), (7/3,6), (5/2,12), (8/3,6),
(3,20), (10/3,6), (7/2,16), (11/3,6), (4,20), (13/3,6), (9/2,16),
(14/3,6), (5,20), (16/3,6), (11/2,12), (17/3,6), (6,12), (19/3,6),
(13/2,8), (7,8), (15/2,4)

3,3]x [ (2/3,6), (1,4), (4/3,6), (3/2,8), (2,16), (5/2,8), (8/3,6), (3,4),
(10/3,6)

3,5]x |(1/2,4), (1,8), (3/2,8), (5/3,6), (2,12), (7/3,6), (5/2,12), (3,16),
(7/2,12), (11/3,6), (4,12), (13/3,6), (9/2,8), (5,8), (11/2,4)
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1/2,4), (1,8), (3/2,8), (5/3.6), (2.12), (7/3,6), (5/2,8), (8/3,6),
3,12), (10/3,6), (7/2,12), (4,16), (9/2,12), (14/3,6), (5,12),
16/3,6), (11/2,8), (17/3,6), (6,12), (19/3,6), (13/2,8), (7,8),

15/2,4)

[3,9]x

2/3,6), (1,4), (4/3,6), (3/2,8), (2,16), (5/2,12), (8/3,6), (3,12),
10/3,6), (7/2,8), (11/3,6), (4,12), (13/3,6), (9/2,12), (5,16),

(
22/3,6), (15/2,12), (8,16), (17/2,8), (26/3,6), (9,4), (28/3,6)

[3,11]x

1/2,4), (1,8), (3/2,8), (5/3,6), (2,12), (7/3,6), (5/2,12), (3,16
7/2,12), (11/3,6), (4,12), (13/3,6), (9/2,8), (14/3,6), (5,12
16/3,6), (11/2,12), (6,16), (13/2,12), (20/3,6), (7,12), (22/3,6
8),
),

~— ~— ~— ~—
- - - -

15/2,
29/3,6

(23/3,6), (8,12), (25/3,6), (17/2,12), (9,16), (19/2,12

(
(
(
(
(
(
(11/2,12), (17/3,6), (6,12), (19/3,6), (13/2,8), (20/3,6), (7,12),
(
(
(
(
(
( (10,12), (31/3,6), (21/2,8), (11,8), (23/2,4)

8.2.2. We now compute some overconvergent slopes, extending our previous computa-

tions. As in the split case, the computations suggest that as long as the weights are in the

same component of the weight space, they have the same set of slopes. In the table below,

we let component 1 consists of the weights [k1, k2]1) appearing the table of classical slopes

for which k1 = k2 mod 6, and component 2 consist of the remaining weights.

Component

Matrix Overconvergent Slopes

1

U,(20-16) | (2/3,6), (1,4), (4/3,6), (3/2,8), (2,16), (5/2,16),
(8/3,6), (3,20), (10/3,6), (7/2,16), (11/3,12), (4,24),

(13/3,12), (9/2,24), (14/3,6), (5,36), (16/3,6),

(11/2,28), (17/3,12), (6,32), (19/3,12), (13/2,12)

Uy(22-16) | (2/3,6), (1,4), (4/3,6), (3/2,8), (2,16), (5/2,16),
(8/3,6), (3,20), (10/3,6), (7/2,16), (11/3,12), (4,24
(13/3,12), (9/2,24), (14/3,6), (5,36), (16/3,6
(11/2,32), (17/3,12), (6,40), (19/3,12), (13/2,16),

— — ~— —
- -

(20/3,6), (7,4), (22/3,6)

1 Uy(25-16) | (2/3,6), (1,4), (4/3,6), (3/2,8), (2,16), (5/2,16),
(8/3,6), (3,20), (10/3,6), (7/2,16), (11/3,12), (4, 24),
(13/3,12), (9/2,24), (14/3,6), (5,36), (16/3,6),
(11/2,32), (17/3,12), (6,40), (19/3,12), (13/2,24),
(20/3,12), (7,24), (22/3,12), (15/2,8)
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2/3,6),
8/3,6), (
13/3,12), (9/2,24), (14/3.6), (5,36), (16/3,6
), 1
),

1,4), (4/3,6), (3/2,8), (2,16),

( 5/2,16),
3,20), (10/3,6), (7/2,16), (11/3,12

(
), (4,24

~— ~— ~— ~—
- -

11/2,32), (17/3,12), (6,40), (19/3,12), (13/2,32),

20/3,18), (7,44), (22/3,18), (15/2,16)

1 U,(30-16) | (2/3,6), (1,4), (4/3,6), (3/2,8), (2,16), (5/2,16),
8/3,6), (3,20), (10/3,6), (7/2,16), (11/3,12), (4, 24),
11/2,32), (17/3,12), (6,40), (19/3,12), (13/2,32),
20/3,18), (7,44), (22/3,18), (15/2,24), (8,16),
17/2,8)

2 Uy(20-16) | (1/2,4), (1,8), (3/2,8), (5/3,6), (2,12), (7/3,6

5/2,12), (8/3,6), (3,20), (10/3,6), (7/2,20
11/3,6), (4,28), (13/3,6), (9/2,24), (14/3,12
5,32), (16/3,12), (11/2,24), (17/3,12), (6,32
(19/3,12), (13/2,12)
9 Uy(22-16) | (1/2,4), (1,8), (3/2,8), (5/3,6), (2,12), (7/3,6
(5/2,12), (8/3,6), (3,20), (10/3,6), (7/2,20
(11/3,6), (4,28), (13/3,6), (9/2,24), (14/3,12
(5,32), (16/3,12), (11/2,28), (17/3,12), (6,40
(19/3,12), (13/2,20), (7,8), (15/2,4)
9 Uy(25-16) | (1/2,4), (1,8), (3/2,8), (5/3,6), (2,12), (7/3,6),
5/2,12), (8/3,6), (3,20), (10/3,6), (7/2,20),
11/3,6), (4,28), (13/3,6), (9/2,24), (14/3,12),
)
)

(
(
(
(
(
( )
( ( )
(13/3,12), (9/2,24), (14/3,6), (5,36), (16/3,6),
( ), 1 )
( ), )
(
(
(
(
(

~— — — ~—
- - - -

—_ ~— — —
- - - -

(
(
(5,32), (16/3,12), (11/2,28), (17/3,12), (6,40),
(19/3,12), (13/2,28), (20/3,6), (7,28), (22/3,6),
(15/2,12)
2 Uy(30-16) | (1/2,4), (1,8), (3/2,8), (5/3,6), (2,12), (7/3,6),

(

(

(

(

(

)
5/2,12), (8/3,6), (3,20), (10/3,6), (7/2,20),
11/3,6), (4,28), (13/3,6), (9/2,24), (14/3,12),
5,32), (16/3,12), (11/2,28), (17/3,12), (6,40),
19/3,12), (13/2,36), (20/3,12), (7,48), (22/3,12),
15/2,24), (23/3,6), (8,12), (25/3,6), (17/2,4)

Observation 8.2.3. (1) As in the split case, we see that the slopes are again unions

of arithmetic progressions, but the difference is that they do not all have common
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difference. In particular, we see arithmetic progressions with common difference 1/2
and 1/3 appearing in the sequence of slopes. This again is something that (as far as
the author knows) has not been seen over (Q, and by results in [LWX14], cannot occur
in many cases. Also we have this phenomenon of increasing multiplicities as in the

split case.

(2) In the above example, the different components of the weight space are identified by
the Galois orbits of the characters. Note that we can move between the components

by twisting by the Teichmiiller character 7 as we did in the weight [2, 2] case.

(3) Again one can see the Atkin-Lehner involution in action in this setting.

8.3 Conjectural behaviour near the boundary

Over Q, [BP16a] have given a conjectural recipe to generate all of the overconvergent
slopes and if one looks at this recipe one sees that its only ‘ingredients’ are classical slopes
appearing in weight 2 (with appropriate character) at each component of the weight space
and the number of cusps. The analogous behaviour is present in our computations and in

general, our computations suggest the following conjectural structure for the slopes.

Conjecture 8.3.1. Let U be a sufficiently small level and let k = [k1, k2] be an arithmetic
weight near the boundary. Let V. € {U,, Uy, }, then for each r,s € {0,...,t — 1} (with t
the order of the torsion of OF as before) there exists a h x h matrix By (r,s, V) which only
depends on which component k lies in (after scaling by val,(w(k))), such that

SV)= |J {S(Bu(F35V)) +r+s}

r,8€ZL>0

whereT,’s are residues of r,s mod t. Moreover, on classical subspaces

S(V |SK(U)) = U {S(BH(?agv V))+T+S}
re{0...,k1—2}
s€{0,...,ka—2}

Remark 8.3.2. Note that, if we identify the classical space S (U) with the subspace of
L(X,Y) with basis X"Y " for r € {0,...,k1 —2},s € {0,..., k2 — 2} then the above
conjecture says that associated to each basis element XY *, we have a i X h matrix
By(r,s,X), such that if we want to compute the slopes of U, (or U,,) we need only
compute the slopes of By (r, s,U,) (or By(r,s,Uy,) ) for all 7, s appearing in the basis

of Sk(U). This would then also give a perfect control theorem. Moreover, the matrices
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By (r,s,X) only depend on 7, s mod t and on the component of the weight space in

which x lies.

Remark 8.3.3. The conjecture above also explains the fact that the multiplicities of the
slopes increasing, suggesting that this is due to the fact that for each x € Z>( there are
z + 1 pairs (x1,72) € Z%, such that Bi(z,2z2) = z, which in practice means that the

generating blocks ‘bunch up’ giving the increased multiplicities.

8.3.4 Split case

The computations suggest that Conjecture 8.3.1 holds with the following data.

e For ' = Q(\/13), U = Up(9), k = [k1, ka]t; (as before) and any 7, s € Z>q

S(Bx(7,5,Up)) ={(0,1),(1/2,2),(1,6),(3/2,2),(2,1)}
S(Bk(Fv S, UPZ)) :{(07 3)7 (1/2’ 6)7 (17 3)}

e For F = Q(\/17), U = Ug(8), K = [k1, ka]tp or k = [k1, k2]x (as before) and any
r,sc ZZO

S(Bx(7,5,Up)) ={(0,1),(1/2,4),(1,14),(3/2,4), (2,1)}
S(Bk(ﬁ S, Upz)) :{(07 4)7 (1/2’ 16)7 (1, 4)}

Here 7,s denote the reduction modulo t and our computations suggest that the
matrices B (7,5, X) should be the same as the matrices of U,, Uy, acting on classical
weight [2,2]1)7"~° where 7 is the Teichmiiller character, which is analogous to [BP16a,
Theorem 3.10].

8.3.5 Inert case

Our computations suggest that Conjecture 8.3.1 holds in the case where F' = Q(+/5) and
U = Up(8p11). In this case we have

* Let k1 be any arithmetic weight ( near the boundary with finite part ¢ or x) in

component 1 (see 8.2.2) of the weight space we have

S(By, (T,5,Up)) = {(2/3,6),(1,4),(4/3,6)}, ifr=s mod 6,

{(1/2,4),(1,8), (3/2,4)}, else.
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¢ Let kg an arithmetic weight (near the boundary with finite part ¢ or x) in component
2
{(1/2,4),(1,8),(3/2,4)}, ifr=s mod 6,

S(Bh, (T, 5, Up)) =
{(2/3,6),(1,4),(4/3,6)}, else.

8.3.6. Although we cannot at present prove this conjecture, in this case we can try to
understand the slopes of S ;(%,) using Proposition 7.2.28 (assuming 7.2.13). In this case
we find that pi,x = 16, t = 6 and therefore (using Remark 7.2.21 ) one needs to check
that for fixed s;, w; € {0,...,5}, the slopes of

]:3,(10)(51 + tx1, s9 + txe, wy + tny, wa + tng)

are fixed for all z;,n; € {0,...,2!7}. We have only checked this for 21, z2, k1, k2 with
Bi(x1,22) < 10% and 0 < n; < 10 (with same parity), since in order completely check
this, it would (roughly) take 10'? years (on our computers). In all of the cases checked,
the slopes agree with those computed in the tables above. This then indicates that the
slopes of S(%,) = S(U,) and satisfy Conjecture 8.3.1.

Remark 8.3.7. The fact that slopes of %}, agree with those of U, appears to be a very
general phenomenon of compact operators acting on spaces of convergent power series,
as suggested by computing examples of compact operators on L(X,Y") which do not

correspond to U, operators. This behaviour is also present for modular forms over Q, as
can be seen in [BC05, Jac03].

8.4 The centre of the weight space

To contrast with the computations of slopes near the boundary, we include some compu-
tations of slopes near the centre of the weight space. Here we see much less structure
than near the boundary.

We now collect some computations of (normalized) slopes for F' = Q(v/5), p = 3
and for weights all in the same component of the weight space, which in this case means

kl = l{}g mod 8.

Remark 8.4.1. We hope to eventually use this data to construct totally real ghost series

analogous to the ones in [BP16b].

Notation 8.4.2. The 1 denotes overconvergent slopes. So 200" means that these are the
first 200 slopes of Up(200, x) with the notation as in 8.0.2. The other dimensions are the

dimension of the corresponding space of classical forms.
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Weight Level Dimension | Slopes
2,2] | Uo(pu1) 0
[272} U0(3p11) 1 (0 1)7 (2’ 1)
[272} U0(3p11) 200T (0 1)7 (1a 2)a (23 6)? (33 6)? (43 ) (9/2 4) (
8), (11/2, 4), (6, 30), (13/2, 4), (7, 4), (8, 6),

(17/2, 4), (9, 6), (10, 22), (11, 10), (23/2, 4),
(12, 19), (13, 8), (40/3, 3), (27/2, 6), (14, 30),

(29/2, 4), (15, 3), (16, 2)
1

[4,4] | Uo(pn) 1 (0,1)

[4,4] | Uo(3p11) 18 (0, 1), (2, 16), (6, 1)

[4,4] | Up(3p11) 200f (0, 1), (2, 16), (3, 2), (4, 6), (5, 4), (6, 24),
(19/3, 6), (7, 10), (8, 20), (9, 6), (10, 16), (11,
20), (12, 28), (13, 16), (14, 12), (15, 7), (16,
3), (53/3, 3)

[6, 6] Uo(p11) D (0,1),(1,2),(2,2)

6, 6] Uo(3p11) 50 (0, 1), (1, 2), (2, 2), (4, 40), (8, 2), (9, 2), (10,
1)

[6,6] | Uo(3p11) 2007 (0, 1), (1, 2), (2, 2), (4, 40), (5, 2), (6, 2),
(13/2, 4), (7, 20), (8, 6), (17/2, 4), (9, 10),
(19/2, 4), (10, 12), (21/2, 4), (11, 30), (23/2,
4), (12, 17), (25/2, 2), (13, 15), (14, 8), (15,
7), (31/2, 2), (16, 2)

8,8] | Uo(p11) 9 (0,1),(1,2),(2,6)

8,8] | Uo(3p11) 98 (0, 1), (1, 2), (2, 6), (6, 80), (12, 6), (13, 2),
(14, 1)

8,8] | Uo(3p11) 2001 (0, 1), (1, 2), (2, 6), (6, 80), (7, 2), (8, 2),
(9, 26), (10, 2), (21/2, 4), (11, 8), (23/2, 4),
(12, 19), (37/3, 3), (13, 21), (27/2, 6), (14, 6),
(29/2, 4), (15, 2), (16, 2)

[10,2] | Uo(p11) 1 (0,1)

[10,2] | Uo(3p11) 18 (0, 1), (4, 16), (10, 1)

[10,2] | Uo(3p11) 2001 (0, 1), (1, 1), (2, 4), (3, 5), (4, 16), (5, 11),
(11/2, 4), (6, 5),(13/2 ) (7, 34), (15/2, 4),
(8,3), (9, 11), (10, 8), (11, 30), (12, 12), (25/2,
4), (38/3, 3), (13 11), (14, 15), (15, 9), (16,
3)
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[10,10] | Uo(p11) 17 (0,1), (2,14), (3,2)

110,10] | Uo(3p11) 162 (0,1), (2, 14), (3, 2), (8, 128), (15, 2), (16, 14),
18

[10,10] | Up(3p11) 2007 EO )) (2, 14), (3, 2), (8, 128), (9, 2), (10, 6),
(11, 2), (23/2, 4), (12, 8), (37/3, 6), (13, 5),
(27/2, 4), (14, 5), (29/2, 2), (15, 5), (16, 3),
(17, 2), (18, 1)

[1274] UO(pll) 7 (0 ) ( ) (al)a (3?4>

[12,4] | Uo(3p11) 66 (0,1), (1,1),(2,1),(3,4), (6,52), (11, 4), (12,
1), (13, 1), (14, 1)

[12,4] | Uo(3p11) 200" 1(0, 1), (1, 1), (2, 1), (3, 5), (4, 4), (5, 5), (6,
56), (7, 1), (8, 2), (17/2 12), (9, 18), (19/2,
28), (10, 4), (21/2, 2), (11, 9), (23/2, 4), (12,
8), (25/2, 4), (13, 13), (14, 5), (29/2, 4), (15,
8), (16, 4), (17, 1)

[14,6] | Uo(p11) 13 (0,1), (1,2), (2,2), (3,6), (4,2)

[14,6] | Uo(3p11) 130 (0,1),(1,2),(2,2),(3,6), (4, 2), (8, 104), (14,
2), (15, 6), (16, 2), (17, 2), (18, 1)

[14,6] | Uo(3p11) 200" 1(0, 1), (1, 2), (2, 2), (3, 6), (4, 2), (5, 1), (6,
1), (13/2, 2), (7, 3), (15/2, 2), (8, 104), (9, 8),
(10, 3), (21/2, 2), (11, 12), (23/2, 14), (47/4,
4), (12, 4), (25/2, 2), (13, 3), (14, 2), (15, 2),
(16, 3), (33/2, 2), (17, 6), (18, 7)

[14,14] | Uo(p11) 33 (0,1), (1,2), (2,6), (3,6), (4:4), (56), (6,6),
(7,2)

[14,14] | Uo(3p11) 338 (0, 1), (1, 2), (2, 6), (3, 6), (4, 4), (5, 6), (6,
6), (7, 2), (12, 272), (19, 2), (20, 6), (21, 6),
(22, 4), (23, 6), (24, 6), (25, 2), (26, 1)

[14,14] | Uo(3p11) 200" 1(0, 1), (1, 2), (2, 6), (3, 6), (4, 4), (5, 6), (6,
6), (7, 2), (12, 58), (13, 1), (27/2, 8), (14, 11),
(15, 14), (31/2, 8), (47/3, 6), (16, 10), (33/2,
26), (17, 18), (18, 5), (19, 1), (21, 1)

[16,8] | Uo(p11) 21 (0,1), (1,1), (2,6), (5/2,8), (3,1), (4:4)

[16,8] | Uo(3p11) 210 (0,1),(1,1),(2,6),(5/2,8), (3,1), (4, 4), (10,
168), (18, 4), (19, 1), (39/2, 8), (20, 6), (21,
1), (22, 1)
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[16,8] | Uo(3p11) 2007 (0, 1), (1, 1), (2, 6), (5/2, 8), (3, 1), (4, 4),
(7, 1), (8, 2), (9, 3), (10, 111), (12, 1), (13, 2),
(27/2, 4), (14, 4), (29/2, 24), (15, 2), (31/2,
2), (16, 7), (17, 2), (18, 2), (37/2, 4), (19, 5),
(20, 2), (21, 1)

[18,2] | Uo(p11) 3 (0,1), (1,1), (2,1)

[18, 2] Uo(3p11) 34 0, 1), (1, 1), (2, 1), (8, 28), (16, 1), (17, 1),

8 1)

(

(1
[18,2] | Uo(3pa) | 2000 ] (0, 1), (1, 2), (2,2), 3, 7). (7/2, 4), (4, 3),

(9/2, 2), (5, 11), (6, 5), (13/2, 2), (7, 3), (8,
23), (9, 7), (19/2, 6), (10, 8), (21/2, 10), (11,
17), (45/4, 4), (23/2, 8), (12, 12), (25/2, 2),
13, 3), (27/2, 4), (14, 5), (15, 3), (31/2, 2),

(13
(16 10), (33/2, 2), (84/5, 5), (17, 2), (35/2,

[2074] UO(pll) 11 (071

[20,4] U0(3p11) 114 (0

(20,

[20,4] | Uo(3p11) 2007 (0, ), (4, 4), (5, 8), (6,
) 17/2, 8), (9, 7), (10, 42),

1 / 2), (13, 5), (40/3, 3),

(15, 2), (16, 13), (33/2, 2)

(17, 8) (35/2, 6), (18, 5), (37/2, 2), (19, 2),
), (

22, 4), (45/2, 2), (47/2,

)

22,6] | Uo(pi1) 21 ( 1), (2,2), (5/2,8), (3,5), (4,3), (5,1)

5), (
), (1,1), (2, 2), (5/2,8), (3, 5), (4, 3), (5,
12, 168), (21, 1), (22, 3), (23, 5), (47/2,
24, 2), (25, 1), (26, 1)

(3
2),
(0,
22,6] | Uo(3p11) 210 (0,
1),
8),
(0,

22,6] | Uo(3p11) 200 ) (1, 1), (2,2), (5/2,8), (3, 5), (4, 3), (5,
4), (7, 8), (8, 1), (9, 8), (10, 11), (11,
, 38), , (15, 6), (16, 12), (33/2,

( (14, 7)
16), (17, 12), (18, 10), (19, 4), (20, 8), (21, 7),
3 3)

/\'—‘A/\'—‘

)
), (23, 3), (24, 5), (25, 1), (26, 3)
); (2,3)

26,2] | Uo(p11) 5 1), (2,3
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26,2] | Uo(3p11) 50 (0, 1), (1, 1), (2, 3), (12, 40), (24, 3), (25, 1),
(26, 1)

[26,2] | Uo(3p11) 2001 (0, 1), (1, 2), (2, 6), (3, 3), (4, 1), (9/2, 4), (5,
7), (11/2, 6), (6, 28), (13/2, 4), (7, 3), (15/2,
2), (8, 4), (17/2, 2), (9, 11), (10, 3), (11, 6),

(12, 8), (13, 3), (27/2, 2), (14, 4), (15, 5), (16
2), (33/2, 4), (17, 3), (18, 2), (19, 13), (20, 1),
(41/2, 2), (21, 9), (22, 2), (67/3, 3), (45/2, 2),
(23, 5), (47/2, 2), (24, 5), (25, 5), (51/2, 8),
(26, 5), (53/2, 6), (27, 3), (28, 1), (29, 1), (30,
1)

Observation 8.4.3. The first observation is that in this case, the slopes are not appearing
as unions of arithmetic progressions. Moreover, there are many non-integer slopes, which

is in contrast to many examples over Q.

Remark 8.4.4. In level Up(3p11) the dimension of the classical spaces of weight [k1, k2]
is 2+ (k1 — 1) - (ko — 1) since the level is sufficiently small. For level (Uy(p11)) we have
the following table of dimensions, where all the weights are in the same component of the

weight space.
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Weight | Dim | Weight | Dim | Weight | Dim | Weight | Dim | Weight | Dim
2,2] 0 [10, 2] 1 (12, 4] 7 [14, 6] 13 [16, 8] 21
4, 4] [18, 2] 3 [20, 4] 11 [22, 6] 21 [24, 8] 33
6, 6] [26, 2] 5 [28, 4] 17 [30, 6] 29 [32, 8] 43
8, 8] (34, 2] 7 (36, 4] 21 [38, 6] 37 [40, 8] 55

[10,10] | 17 [42, 2] 9 [44, 4] 25 46, 6] 45 [48, 8] 65

[12,12] | 25 [50, 2] 9 [52, 4] 31 [54, 6] 53 [56, 8] 7

[14,14] | 33 [58, 2] 11 [60, 4] 35 (62, 6] 61 [64, 8] 89

[16,16] | 45 (66, 2] 13 (68, 4] 41 [70, 6] 69 [72, 8] 99

[18,18] | 57 [74, 2] 15 [76, 4] 45 [78, 6] 7 [80,8] | 111

[20,20] | 73 (82, 2] 17 (84, 4] 49 (86, 6] 85 [88,8] | 121

[22,22] | 89 [90, 2] 17 (92, 4] 55 [94, 6] 93 [96,8] | 133

[24,24] | 105 [98, 2] 19 [100,4] | 59 [102,6] | 101 | [104,8] | 145

[26,26] | 125 | [106,2] | 21 [108,4] | 65 [110,6] | 109 | [112,8] | 155

[28,28] | 145 | [114,2] | 23 [116,4] | 69 [118,6] | 117 | [120,8] | 167

[30,30] | 169 | [122,2] | 25 [124,4] | 73 [126,6] | 125 | [128,8]

[32,32] | 193 | [130,2] | 25 [132,4] | 79 [134,6] | 133 | [136,8]

[34,34] | 217 | [138,2] | 27 | [140,4] | 83 [142,6] | 141 | [144,8]

[36,36] | 245 | [146,2] | 29 [148,4] | 89 [150,6] | 149 | [152,8]

The "-" in the above table indicate that the computation of the dimension had not
terminated at the time of writing.

In the table below we work in Q(v/5), with p = 2 and level Uy(2p11), where
pu‘ll.

Level Weight | Dimension | Slopes

Uo(pi1) | [2,2] 0
Uo(2p11) | [2,2] 1 ;1)
Uo2on) | 12,2 2001 5), (3,2), (4, 10), (6,3), (7,4), (8,33), (10, 4),

(2
(2, )
(11,2), (12,3), (25/2,4), (13,12), (14,10),
(44/3,6), (15,8), (46/3,6), (31/2,8), (16,40),
(49/3,3), (33/2,4), (50/3,3), (17,14), (35/2, 2),
(18,7), (19,3), (20,2), (41/2,2)
(2,1)
(2,8),(4,1)

Uo(p11) | [4.4]
Uo(2p11) | [4,4] 9
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Uo(2p11) 2007 (2,8), (4,1), (5,4), (16/3,6), (6,6), (7,2),
(8,7), (17/2,12), (9, 4), (10,21), (11,2), (12,6),
(25/2,4), (13,6), (27/2.4), (14,3), (15,22),
(16,8), (33/2,4), (17,13), (35/2,24), (18,21),
(19,6), (39/2,2), (20,3), (21,1)

Uo(p11) 5 (2,5)

Uo(2p11) 25 (2,5),(4,15),(8,5)

Uo(2p11) 2001 (2,5), (4,15), (6,4), (7,2), (15/2,4), (8,7),
(9,4), (10,12), (21/2,20), (11,2), (12, 14),
(13,4), (14,7), (44/3,6), (15,10), (46/3,6),
(16,12), (33/2,4), (17,24), (18,8), (37/2,2),
(19,9), (39/2,8), (20,6), (41/2,2), (21,2),
(22,1)

Uo(p11) 9 (2,8),(4,1)

Uo(2p11) 19 (2,8), (4,1), (6,31), (10, 1), (12, 8)

Uo(2p11) 2007 (2,8), (4,1), (6,31), (8,4), (9,2), (19/2,4),
(10,3), (11,8), (35/3,6), (12,18), (37/3,6),
(25/2,4), (13,4), (14,6), (15,18), (16,7)
(17,6), (35/2,12), (18, 17), (55/3,6), (37/2, 12%
(19,9), (20,5), (21,3)

Uo(p11) 1 (1,1)

Uo(2p11) 3 (1,2),(3,1)

Uo(2p11) 2000 | (1,2), (2,1), (5/2,2), (3,1), (4,5), (14/3,3),
(5,5), (6,1), (13/2,2), (7,5), (8,11), (9,24),
(19/2,2), (10,1), (11,9), (12,4), (13,2),
(14,19), (29/2,2), (15,7), (46/3,3), (16,12),
(49/3,6), (33/2,16), (50/3,3), (67/4,4),
(17,21), (35/2,6), (18,9), (37/2,4), (19,5),
(20,1), (21,2)

Uo(p11) 6,2] 1 (1,1)

Uo(2p11) | [6,2] 5 (1,1),(2,3),(5,1)
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Uo(2p11) | [6,2] 200 1), (2,3), (3,2), (10/3,3), (4,1), (9/2,4)
4), (17/3,3), (6,2), (7.4), (15/2,4), (8,2)
17/2,2), (9,17), (19/2,2), (10,12), (21/2,2),
11,6), (12,12), (13,5), (14,2), (15,26),
31/2,2), (16,7), (33/2,2), (17,18), (35/2,16),
53/3,6), (18,17), (19,7), (39/2,2), (20,4)
2),(3,1)
,2),(2,1),(3,9),(6,1),(7,2)
1,2),(2,1), (3,9), (4,1), (5,3), (6,4), (19/3,3),
13/2,2), (7.3), (8,8), (9,5), (19/2,16), (10,8),
11,12), (12,3), (13,10), (27/2,2), (41/3,3),
)
)

Uo(p11) | 16,4] 3
Ug(2p11) [6,4] 15
Uo(2p11) | [6,4] 2001

14,7), (43/3,3), (29/2,2), (15,5), (16,28),
17,8), (52/3,3), (35/2,4), (18,12), (37/2,18),

19,7), (20,8)

Uo(p11) | [8:4] 5 1,1)(3/2 2),(3,2)

Uo(2p11) | [8,4] 21 1,1),(3/2,2),(3,2), (4,11),(7,2), (17/2,2), (9,

Uo(2p11) | [8.4] 11), (3/2,2), (3,2), (4,13), (5,1), (6,9),
7.3), (8,2), (17/2,4), (9,5), (19/2,2), (10,11),
31/3,3), (21/2,4), (32/3,9), (11,7), (35/3,3),
12,5), (13,4), (40/3,3), (27/2,2), (14,4),
43/3,3), (29/2,4), (15,9), (47/3,3), (16,11),
33/2,8), (17,23), (52/3,3), (18,9), (37/2,2),
19,7), (39/2,4), (20,10), (21,2), (22,3)

Uo(p11) | [8,6] 7 ,(2,1), (5/2,2), (3,1), (4,1)

Uo(2p11) | [8,6] 35 ,(2,1),(5/2,2), (3,1), (4,1), (5,21), (8,1),

,(19/2,2), (10,1), (11,2)

, (2,1), (5/2,2), (3,1), (4,1), (5,21
) (8,1), (9,7), (19/2,2), (10,4), (31/3,3
11,15), (34/3,9), (23/2,6), (35/3,3), (12,3
25/2,2), (13,7), (14,4), (29/2,6), (15,3
46/3,3), (16,12), (33/2,4), (50/3,3), (17,17
52/3,3), (35/2,12), (18,13), (37/2,2), (19,6
20,5), (21,5), (43/2,2), (22,1), (23,1)

Uo(2p11) | [8,6] 200f

~— N
- - - - - -
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Remark 8.4.5. We can again see that in this case there is much less structure to the
slopes. In particular, they do not appear to be unions of arithmetic progressions and

their structure is not obviously different from the regular case. Moreover, if one make the
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naive extension of the definitions of I'g-regular and I'g-irregular as in [Buz05], then in the
above examples p = 3 would be regular and p = 2 would be regular, but there does not

appear to be any difference in the structure of the slopes in these cases.

8.5 Concluding remarks

The computations done in this chapter clearly indicate that near the boundary of the
weight space, the slopes of U, have a very precise structure analogous to what one sees
over Q. The task is to now prove that the slopes are as in Conjecture 8.3.1. Over Q
the analogous result can be shown to hold in many cases by the work of Liu-Wan-Xiao
[LWX14]. Their work is based on constructing certain integral models for the spaces of
overconvergent quaternionic modular forms (over Q) and then obtaining bounds on the
Newton polygon of U,, which (due to what appears to be a numerical coincidence) is
sharp at infinitely many points; this then allows them to deduce very strong results about
the geometry of the associated eigenvariety. One of the main obstructions to extending
their results to the Hilbert modular form case, is that they rely on combining a stronger
version of the control theorem which describes the critical slopes together with the action
of the Atkin-Lehner involution. In the Hilbert case we do not at present have a control
theorem as strong as this. But the computations suggest that the structure of the slopes
of Uj, is not uncommon. In particular, for v € (6’ (1)) Uo(p") say, the matrix of |, acting
on @;L(X,Y) also appear to have this structure. Therefore one should expect a more
general proof to work, which explains the numerical coincidences in [LWXI14].

More generally, one would like to understand not only the geometry of these
eigenvarieties near the boundary, but also in the centre of the weight space. Over Q,
Bergdall-Pollack [BP16b] have constructed ghost series, which predict the slopes of U, near
the boundary and in the centre. Specifically, in the centre, their ghost series agrees with
conjectural algorithms by Buzzard which generate the slopes in the I'g-regular case. The
striking thing about the construction of the ghost series is that it only relies on dimensions
of spaces of classical forms and on dimensions of subspaces of newforms, yet it appears to
perfectly predict the slopes in many cases, over large regions of the weight space. In the

Hilbert case, one can hope to do something similar by using the data computed above.
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